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Abstract 

 

This thesis presents a data-driven dynamic modeling approach for kinase signaling in triple-negative 

breast cancer cells, focusing on the EGFR/MAPK-centered network reconstructed from 

phosphoproteomic fold change data. The central objective is to estimate both network dependency 

parameters and kinetic rate parameters in order to reproduce the experimentally observed 

phosphorylation dynamics as closely as possible and to establish a basis for dynamic perturbation 

analysis. 

 

To achieve this, dependency weights representing relations between kinases and phosphorylation sites 

were first estimated using two distinct optimization approaches implemented in the Julia programming 

language, namely a gradient-based optimizer and an Interior Point optimizer. Both methods were 

designed to fit the same dependency model to the experimental data and were compared with respect to 

their methodological properties and numerical performance. The estimated dependency parameters were 

subsequently integrated into an ordinary differential equation model based on mass-action kinetics, in 

which the kinetic parameters were optimized protein-wise before being utilized in the coupled network 

simulation. 

 

The results show that both dependency optimizers produced highly similar fits to the experimental fold 

change data, despite differences in parameter handling and optimization strategy, indicating that multiple 

parameter constellations can reproduce the observed data equally well. The Interior Point optimizer 

achieved faster convergence for the current network size, whereas the gradient-based approach remains 

attractive with respect to future scalability. At the same time, the comparison of the resulting dependency 

parameter profiles suggests that the pure mathematical optimization in the absence of additional 

biophysical constraints is insufficient to identify uniquely plausible biological dependency parameters. 

 

The signaling network model successfully integrated the estimated dependency structure and yielded 

stable kinetic parameter sets that reproduced the dynamic trends of the phosphoproteomic data within 

the coupled system. Remaining discrepancies, including offsets between simulated and measured 

profiles and numerical artifacts during initialization, indicate that further integration of biophysical 

constraints and additional data will be required to improve biological plausibility and predictive 

accuracy. Overall, the study establishes a computational framework for dependency estimation and 

dynamic simulation of signaling networks and provides a basis for future perturbation studies and 

expanded network reconstruction in triple-negative breast cancer. 
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1. Introduction 

 

The mathematical modeling of signaling pathways plays a crucial role in understanding cellular 

functions and regulatory mechanisms. By translating complex biological interactions into quantitative 

frameworks, it enables uncovering the design principles of biological systems and translating 

experimental data into predictive and interpretable knowledge [1].  

In multicellular organisms, signaling pathways are essential for coordinating cell developments and 

maintaining homeostasis. Their dysregulation however is a primary driver of oncogenesis [2]. Aberrant  

activation of conserved signaling modules, such as the mitogen-activated protein kinase (MAPK) 

cascade, often induced by overactive receptors including the Epidermal Growth Factor Receptor 

(EGFR), can disturb the intracellular signaling balance [3]. Consequence of such dysregulation is the 

promotion of malignant cell behavior, including enhanced proliferation, survival, and migration. 

Cell migration is a tightly regulated process that depends on the coordinated activity of signaling 

pathways controlling cytoskeletal remodeling, adhesion turnover, and force generation [4]. In cancer 

cells, the pathways controlling these processes are often persistently activated or insufficiently inhibited, 

resulting in accelerated and invasive migratory behavior [5]. As these phenotypes are driven by the 

interaction of multiple kinases rather than by isolated signaling events, their investigation requires a 

systems-level perspective.  

The present study addresses the quantitative modeling of a kinase signaling network and the estimation 

of model parameters from experimental protein fold change data. The central objective of this work is 

the computational optimization of both network dependency parameters and kinetic parameters, in order 

to achieve the closest possible agreement between model predictions and observed data. Establishing a 

quantitatively reliable model is essential for simulating targeted perturbations, such as knockdowns, and 

for analyzing how these interventions affect the behavior of the signaling network. In the long term, the 

project goal is to identify critical regulatory nodes and support the development of therapeutic strategies 

aimed at restricting cancer cell migration and metastatic progression. 
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1.1 Signaling Pathways in Cancer Cells 

The distinction between cancer cells and healthy cells is not limited to genetic alterations but also 

involves profound changes in the regulation and transmission of intracellular signaling pathways. 

Conditions of oncogenic alterations, gene amplifications and loss of regulatory control mechanisms lead 

to signaling pathways not transiently activating but remaining permanently dysregulated or chronically 

active [6]. Thereby, cancer cells gain properties of long-term proliferation, advanced survival abilities 

and metabolic changes as well as increased invasiveness and cell migration [5].  

The malignant characteristics are mediated by several intertwined signaling pathways that are often 

altered in cancer cells. Frequently affected pathways include cytoplasmic tyrosine kinases, lipid kinases 

and nuclear receptors as well as growth factor receptor kinases like EGFR, Guanosine Triphosphatases 

like Ras, and serine/threonine kinases like Raf and Akt, which are responsible for triggering and 

maintaining the MAPK signaling cascade [7].  

These pathways do not act as isolated linear cascades but form a closely linked regulatory network. They 

are interlinked through crosstalk mechanisms, which respond to perturbations in one branch of the 

network resonating through other pathways, whether directly or indirectly [8]. At the same time, many 

of these pathways inherit redundant functionalities [9] as different signaling cascades often control 

similar cellular programs like proliferation and cell migration. Additionally, feedback regulation impacts 

the strength of linear signals [8]. These properties make the cellular signaling system reasonably robust, 

but also vulnerable to oncogenic changes and mutations. Loss of regulatory control mechanisms at 

central nodes of the signaling network can lead to persistent dysregulation which spreads via numerous 

connections, thereby stabilizing malicious cellular states [6].   

For this reason, mathematical modeling of signaling pathways is of particular importance, as it allows 

complex pathway interactions to be analyzed quantitatively and can support the prediction of how 

specific perturbations may affect cancerous phenotypes.  

 

 

1.2 Phosphorylation mechanisms in Signaling Pathways 

Protein phosphorylation is the most commonly occurring type of post-translational modification utilized 

for transducing cell signals [10]. It takes part in controlling a range of fundamental cellular processes 

including metabolism, growth, cell division and differentiation, mobility, substance transport, and 

neuronal and immunological functions [11].  

The process of protein phosphorylation is carried out by kinases (Fig. 1), which are responsible for 

catalyzing the transfer of the γ-phosphate from Adenosine triphosphate (ATP) to a serine, threonine or 

tyrosine residue in protein substrates [11]. In contrast, phosphatase enzymes are responsible for 

dephosphorylation of proteins by cleaving off phosphate groups previously added by kinases [12]. 

Phosphorylation processes are therefore no one-time switches but dynamic, regulatory, and reversible 

procedures [13].  
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Figure 1: Cyclic process of substrate phosphorylation carried out by a kinase (adapted from  

Ubersax et al. [10]). In the initial step, ATP binds to the active domain of the kinase. Subsequently, the substrate is 

also binding to the active kinase domain. A phosphate group is split from ATP and bound to the substrate. The 

phosphorylated substrate is then released. The remaining Adenosine diphosphate (ADP) is also released from the 

active kinase domain, and the phosphorylation process can start over. 

 

The attachment of phosphate groups to specific amino acids of proteins changes essential 

physicochemical properties of the protein regarding charge, conformity, and interaction surfaces [14]. 

The binding reaction influences enzymatic activities, molecular stability, and the ability to form 

complexes with other proteins. The functional shifts of a protein triggered by phosphorylation can 

severely impact signaling networks, as small molecular changes can lead to significant functional 

consequences on the entire network level [13].  

In many cellular signaling pathways, phosphorylation procedures are part of multi-stage signaling 

cascades. Throughout the process, a kinase activates another downstream kinase or effector protein, 

which in turn transmits the stimulus signal [15]. The signaling cascades enable the structural flow of 

information from receptors to cytoplasmic and nuclear targets for initiating intra- and extracellular 

reactions [16]. They often do not solely consist of linear transduction chains but are embedded within 

complex signaling networks where multiple input signals converge on shared modules. Theoretical 

studies have shown that depending on the cascade architecture and kinetic parameters, different 

responses can arise from similar input information [17].  

The specificity of cellular responses to receptor stimulation emerges from the spatial and temporal 

dynamics of downstream signaling networks [18]. Phosphorylation based signaling pathways are 

strongly dependent on time and context of the reactions. Multiple parameters determine the intensity 

and duration of the phosphorylation which affect the pathway outcome and cellular responses [17]. 

Moreover, feedbacks and nonlinear kinetics can produce bistable, pulsing or oscillating  

behaviors [19]. Therefore, accurately estimating parameters that represent the kinetics of the pathways 

is essential for establishing dynamic signaling network models with the ability to simulate realistic 

cellular responses.  
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1.3 Establishment of the Protein Dataset 

The phosphorylation model established in the present study is based on an unpublished comprehensive 

set of protein data, which was collected by a research team lead by Rune Linding, James Longden and 

Gaye Saginc at the Linding Lab of the Biotech Research and Innovation Centre, University of 

Copenhagen, Denmark [20]. The data was collected by conducting a series of scratch assays with the 

MDA-MB-231 triple negative breast cancer (TNBC) cell line, where a surface layer of cells was 

symmetrically wounded to trigger cell migration and proliferation mechanisms within the surrounding 

cells.  

The MDA-MB-231 cell line does not express hormone receptors of estrogen, progesterone and the 

human epidermal growth factor receptor 2 (HER2), and is therefore categorized as triple negative/basal-

like [21]. Its pronounced invasiveness and ability to form metastatic tumors make it an ideal cell line for 

modeling the migratory behavior of cancer cells [22], which supports studying and understanding cancer 

progression and opens up possibilities for identifying strategies to inhibit its metastatic capabilities.  

 

 

Figure 2: Cell migration process after performing a scratch assay on MDA-MB-231 TBNC cell culture. Four 

microscopic images illustrate the progress of cell migration at 0, 4, 8, and 12 hours. Green fluorescent protein 

diffuse in cytoplasm was utilized for cell visualization. Elevated cell migration and proliferation rates are evident, 

as the scratch wound is almost completely closed within the observed time span [20].  

 

To obtain information and data on protein phosphorylation, the TNBC cells were cultivated in bulk and 

dispersed on a framed plate. A custom 96-pin studded tool was utilized at different locations on the plate 

to create a total of 384 scratches in the cell surface layer. Cell samples were harvested at 14 different 

time points at 0, 0.5, 0.75, 1, 2, 4, 8, 16, 30, 60, 120, 240, 480 and 960 minutes, respectively. A visual 

illustration of the cell migration progress of TNBC cells over time is depicted in figure 2.  
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To prepare the cells for mass spectrometry measurements, the protocol established by Santini et al. [23] 

was utilized. Cell samples were purified, and phosphorylated proteins were enriched with titanium 

dioxide to isolate them from their complex environment. Afterwards, the phosphoproteomic samples 

were loaded onto C18 reverse phase chromatography column for separation and eluted with 5-50% 

acetonitrile over a 240-minute gradient to achieve maximum accuracy and even resolve proteins only 

differing by a single phosphorylation site. An Orbitrap mass spectrometer was employed to identify 

phosphorylated proteins and measure their abundances [23].  

The data captured by mass spectrometry was analyzed using a novel Bayesian method for estimating 

protein concentration and phosphorylation site occupancy established by Robin et al. [24]. The 

developed model tracks experimental and instrumental noise and calculates standard deviations for each 

calculated ratio. A Likelihood function was derived which models the average ratio of a peptide as a 

function of protein concentration and the degree of phosphorylation at various sites. By utilizing Markov 

Chain Monte Carlo sampling, the most likely values for concentrations and occupancy rates, as well as 

their uncertainties, are estimated from a distribution of values. This allows accurate quantification of 

protein abundances and prediction of relevant phosphorylation sites even with lower amounts  

of measured data [24].  

By employing the Bayesian method onto the phosphoproteomic data of TNBC cells measured by mass 

spectrometry, a dataset comprising the mean relative logarithmic fold changes of the unphosphorylated 

and phosphorylated form of proteins is established. The abundances of 1768 proteins were measured in 

unphosphorylated and phosphorylated states over 3333 respective target sites.  

𝐹𝑜𝑙𝑑 𝐶ℎ𝑎𝑛𝑔𝑒 =  
𝐴𝑏𝑢𝑛𝑑𝑎𝑛𝑐𝑒𝑐𝑢𝑟𝑟𝑒𝑛𝑡

𝐴𝑏𝑢𝑛𝑑𝑎𝑛𝑐𝑒𝑖𝑛𝑖𝑡𝑖𝑎𝑙
    Eq. 1 

The fold changes represent the relative change of protein abundances depending on the initial abundance 

measured at time point 0 (Eq. 1). Essentially, logarithmic fold change values for all 14 time points were 

calculated for every measured protein and its identified phosphorylation sites in the dataset. An example 

of the measured courses of fold change values for the MAP2K2 protein is depicted in figure 3.  

 

Figure 3: Trajectories of measured fold change values of the MAP2K2 protein plotted between 0 and 960 minutes. 

The plot shows the trajectories for the states of the unphosphorylated protein 𝑃0 , and the phosphorylated protein 

at sites 𝑆_23 and 𝑇_394. 
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1.4 Modeling the EGFR/MAPK Network 

The kinase network established in the present study is based on an extended version of the EGFR/MAPK 

pathway. As described in section 1.1, mutations within this signaling cascade are a frequent driver of 

oncogenesis, as aberrant signaling causes extensive alterations in physiological activities. These include 

dysregulated cell proliferation, differentiation, and migration, with the latter being of particular interest 

regarding the scratch assay experiments described in section 1.3 [25]. Consequently, the signaling 

environment surrounding the central nodes of the pathway, specifically EGFR and MAPK, is 

reconstructed as a simulated network model to investigate its dynamics.  

To systematically analyze the dynamic interactions between the proteins in the pathway, the 

KinomeXplorer platform was utilized, which presents a computational tool for modeling kinase 

signaling networks by combining sequence specificity with cellular context [26]. Specifically, 

relationships between kinases and phosphorylation sites are evaluated through a unified likelihood ratio 

that combines motif-based predictions with network proximity. This provides a probabilistic score that 

decides the potential systematic inclusion of respective interactions into the network model based on a 

kinase-specific confidence threshold of 1,0 [26].   

 

Figure 4: Schematic illustration of signaling network representing predicted dependencies (edges) between kinases 

(nodes) and phosphorylation sites (labels). 

 

By applying the probabilistic calculations provided by the KinomeXplorer platform onto the observed 

data retrieved from the phosphoproteomic experiments described in section 1.3, a network comprising 

of 17 kinases, 35 phosphorylation sites, and 65 edges is predicted. A schematic representation of this 

network is depicted in figure 4. The predicted kinase dependencies are further utilized to establish the 

ODE model for simulating the signaling network.  
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1.5 Construction of ODE Network Model 

In the modeling approach, a combination of basic mass action kinetics for gene expression and 

phosphorylation processes is employed. These kinetics represent microbiological progressions of the 

central dogma by incorporating transcriptional and translational processes for genes and proteins as well 

as phosphorylation and dephosphorylation processes into the model. 

 

 

Figure 5: Schematic representation of mass action kinetics relations between mRNA (𝑅), proteins (𝑃0) and 

phosphoproteins (𝑃1). Kinetic rate parameters for transcription (𝐴), mRNA degradation (𝐵), translation (𝐶), protein 

degradation (𝐷0), phosphorylation (𝑆) and dephosphorylation (𝑍), and phosphoprotein degradation (𝐷1) are 

established. 

 

Proteins often harbor multiple phosphorylation sites that are not necessarily modified in an arbitrary 

order. Instead, the phosphorylation of a first site can create the conditions that a second site is recognized 

and phosphorylated efficiently [27]. The first modification can change conformation, electrostatic 

charge, and binding of other co-factors to facilitate subsequent phosphorylation of other sites. This first 

modification is therefore referred to as priming phosphorylation which represents an essential concept 

of signaling cascades, since many pathways are initiated by secondary phosphorylation of substrates 

[14]. Based on the streamlined mass action kinetics model (Fig. 5), three distinct approaches regarding 

phosphorylation processes and their dependencies can therefore be interpreted.   
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Figure 6: Schematic representation of mass action kinetics relations with distributive (a), successive (b), and 

random (c) phosphorylation dependencies. In the distributive approach, proteins are independently phosphorylated 

at multiple target sites, whereas in the successive approach, proteins must be primarily phosphorylated in order for 

a second phosphorylation process to be initiated.  If random phosphorylation dependencies occur, proteins can be 

phosphorylated independently or require successive processes of multiple phosphorylations. 

 

In figure 6 (a), the mass action kinetics of the distributive phosphorylation model are depicted which 

represent independent relations between multiple phosphorylation reactions at distinct sites of one 

respective protein. In contrast, the successive phosphorylation model (Fig. 6, b) shows the relations of 

protein states and kinetic parameters if a secondary phosphorylation is dependent on the execution of a 

primary protein phosphorylation. As the dependencies of protein modification procedures are difficult 

to identify, a third approach representing random phosphorylation is introduced (Fig. 6, c).  
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Since the dataset utilized in the present study comprises proteins which inherit only one primary 

phosphorylation, the distributive mass action kinetics model is utilized to establish the equations of the 

phosphorylation network model. From the mass action kinetics depicted in figure 5, ordinary differential 

equations (ODEs) can be formulated which represent the rate of change for the mRNA (𝑅) and protein 

(𝑃) abundances (Eq. 2 and 3).  

𝑑𝑅

𝑑𝑡
= 𝐴 − 𝐵𝑅      Eq. 2 

𝑑𝑃

𝑑𝑡
= 𝐶𝑅 −  𝐷0      Eq. 3 

To implement the effects for a protein being phosphorylated and dephosphorylated at one respective site 

as illustrated in figure 5, equation 3 can be supplemented with the appropriate terms (Eq. 4). 

Additionally, another equation is introduced to represent the abundance of the phosphorylated protein 

𝑃1 (Eq. 5).  

𝑑𝑃0

𝑑𝑡
= 𝐶𝑅 −  𝑃0(𝐷0 +  𝑆1) +  𝑍1𝑃1    Eq. 4 

𝑑𝑃1

𝑑𝑡
= 𝑆1𝑃0 −  𝑃1(𝐷1 + 𝑍1)     Eq. 5 

Building on the mass action kinetics depicted in figure 6, the ODEs governing the distributive 

phosphorylation processes can be derived. These equations ultimately serve to simulate the protein 

network investigated in this study.  

𝑑𝑅

𝑑𝑡
= 𝐴 − 𝐵𝑅       Eq. 2 

𝑑𝑃0

𝑑𝑡
= 𝐶𝑅 −  𝑃0(𝐷0 + ∑ 𝑆𝑖

𝑛
𝑖=1 ) + ∑ 𝑍𝑖𝑃𝑖

𝑛
𝑖=1    Eq. 6 

𝑑𝑃𝑖

𝑑𝑡
= 𝑆𝑖𝑃0 −  𝑃𝑖(𝐷𝑖 + 𝑍𝑖)    ∀𝑖     Eq. 7 

The final equations represent the abundance rates of the mRNA (Eq. 2), the unphosphorylated protein 

(Eq. 6), and the phosphorylated protein (Eq. 7) where 𝑖 represents each respective phosphorylation site.  
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1.6 Establishment of Network Dependencies 

The ODE equations formulated to model the protein network represent the abundances which can be 

fitted to the protein dataset. However, the relations between the kinases need to be integrated into the 

equations to establish the network dependencies. For this reason, additional weight parameters are 

introduced to depict the protein activities and phosphorylation effects.  

 

Figure 7: Schematic example of network dependencies between substrates, phosphorylation sites, and kinases. 

Protein substrates inherit phosphorylation sites, which are modified by kinases. The relative effect of kinases on 

phosphorylation sites is represented by 𝛼 parameters. Kinases also inherit phosphorylation sites, and the relative 

impact of these sites on the kinase activity is represented by 𝛽 parameters. In this example, a protein substrate is 

shown which inherits two phosphorylation sites. These sites are modified by two kinases present in the network, 

with one kinase phosphorylating one site, and the other kinase phosphorylating both sites. The two kinases inherit 

phosphorylation sites on their own, therefore making them substrates on which other kinases can act within the 

network. 

 

The protein network structure incorporated in the present study contains reaction dependencies between 

protein substrates, their respective phosphorylation sites, and kinases phosphorylating these sites. An 

example of the structural network dependencies is depicted in figure 7. As currently only limited 

information is available on the relations between the network nodes in terms of relative intensities of 

the phosphorylation effects and the impacts on kinase activities, the present study suggests mathematical 

estimation of these dependencies by introducing additional activity parameters and optimizing their 

values.  

The introduced 𝛼 parameter displays the relative effect of a kinase on the phosphorylation of a respective 

protein site of the substrate. Two kinds of 𝛼 parameters are established. On the one hand, the 𝛼𝑗
𝑖 

parameter represents the effect of the 𝑗-th kinase on the 𝑖-th phosphorylation site of the substrate. The 

values of 𝛼𝑗
𝑖 therefore partly display the relations employed in the current network state described in 

section 1.4. However, the established protein dataset utilized in the present study does not cover all 

kinases and phosphorylation sites acting within the pathway the investigation focuses on. That is why, 

on the other hand, the 𝛼𝑖
0 parameter is introduced to represent the effects of unknown kinases on the 

phosphorylation site of the respective substrate.  
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To ensure relativity in contribution of effects between the kinases, a secondary condition for the 𝛼 

parameters is established stating that the sum of 𝛼𝑗
𝑖 values as well as the 𝛼𝑖

0 value equals 1 (Eq. 8). 

Accordingly, constraints for the 𝛼 parameters were set between 0 and 1.  

𝛼𝑖
0 + ∑ 𝛼𝑗

𝑖
𝑗 = 1      Eq. 8 

The 𝛽 parameters are introduced to represent the contribution of phosphorylation sites of a kinase to its 

activity. Similar to the 𝛼 parameters, two kinds of 𝛽 parameters are established for the same reasons. 

The 𝛽𝑗
𝑘  parameters display the contribution of the 𝑘-th phosphorylation site to the activity of the 𝑗-th 

kinase, while the 𝛽𝑗
0 parameter represents the contribution of unknown phosphorylation sites currently 

not employed in the network state on the activity of the 𝑗-th kinase. As for the 𝛼 parameters, the same 

secondary condition is established stating that the sum of 𝛽𝑗
𝑘  values as well as the 𝛽𝑗

0 value equals 1  

(Eq. 9) to maintain relative contribution.  

𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘
𝑘 = 1      Eq. 9 

Since phosphorylation processes can catalyze but also inhibit enzymatic activity [28], it was decided to 

set constraints of all 𝛽 parameters between −5 and +5 to give the parameter estimation process a wider 

optimizing space.  

The established 𝛼 and 𝛽 parameters are implemented into an equation utilized as the fit function in the 

optimization process (Eq. 10). On the left-hand side, 𝑃𝑖(𝑡) represents the abundance of phosphorylated 

protein as measured in the dataset (Section 1.3). The right-hand side of the equation illustrates the 

dependency term comprised of the inner 𝛽 activity term and the outer 𝛼 activity term.  

𝑃𝑖(𝑡) =  𝛼𝑖
0 + ∑ (𝛼𝑗

𝑖(𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘𝑃𝑗
𝑘(𝑡))𝑘 )𝑗    Eq. 10 

The 𝛽𝑗
𝑘  parameters are multiplied with 𝑃𝑗

𝑘(𝑡) term, which represents the respective protein abundance of 

the kinase whose activity is impacted by the 𝛽 parameters. The term is therefore the main driver behind 

the network dependencies, as it establishes the link between the protein substrate 𝑃𝑖(𝑡) and the kinases 

𝑃𝑗
𝑘(𝑡) under the influence of the 𝛼 and 𝛽 parameters.  

In the optimizing processes developed in the present study, all 𝛼 and 𝛽 parameter values are estimated 

with the target of minimizing the residual between the right-hand side of the fit function and the 

experimentally observed abundances of the phosphorylated proteins 𝑃𝑖(𝑡) from the dataset. The 

dependency parameters are estimated as time-invariant, as they represent constant biochemical effects 

on kinases and phosphorylation sites that remain stable throughout the simulated time course. The right-

hand side activity term including the optimized parameter values is implemented into the ODE functions 

established in section 1.5 to employ dependencies between the chosen kinases of the EGFR/MAPK 

pathway.  
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𝑑𝑅

𝑑𝑡
= 𝐴 − 𝐵𝑅      Eq. 2 

𝑑𝑃0

𝑑𝑡
= 𝐶𝑅 −  𝑃0 (𝐷0 + ∑ 𝑆𝑖  (𝛼𝑖

0 + (∑ 𝛼𝑖
𝑗

𝑗  (𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘𝑃𝑗
𝑘

𝑘 )))𝑛
𝑖 )  + ∑ 𝑍𝑖𝑃𝑖

𝑛
𝑖=1   Eq. 11 

𝑑𝑃𝑖

𝑑𝑡
= 𝑆𝑖𝑃0 (𝛼𝑖

0 + (∑ 𝛼𝑖
𝑗

𝑗  (𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘𝑃𝑗
𝑘

𝑘 ))) −  𝑃𝑖(𝐷𝑖 + 𝑍𝑖)    ∀𝑖  Eq. 12 

The final ODE functions utilized to simulate the protein network are employed as equations 2, 11, and 

12. Within the functions representing the abundances of the unphosphorylated and phosphorylated 

protein substrate (Eq. 11 and 12), the activity term containing the 𝛼 and 𝛽 parameters is multiplied with 

the kinetic parameter 𝑆𝑖 which represents the phosphorylation rate of the unphosphorylated protein 

substrate 𝑃0.  

Similar to the estimation of 𝛼 and 𝛽 parameters, the kinetic rate parameters are optimized by utilizing 

the ODE functions representing the protein abundances 𝑃0 and 𝑃𝑖 (Eq. 11 and 12) as fit functions and 

adjusting the kinetic parameter values for all 14 time points respectively to estimate fold change courses 

that align with the dataset.  
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2. Methods 

 

2.1 Parameter Estimation of Network Dependencies 

In order to establish biological dependencies between the observed kinases and their phosphorylation 

sites and implement them in the network model, it is required to estimate the parameter values of the 

activity weights 𝛼𝑖
0 and 𝛼𝑗

𝑖 as well as 𝛽𝑗
0 and 𝛽𝑗

𝑘  (Eq. 10).  

To facilitate the implementation of dependencies between the observed kinases, it was assumed that the 

weight values obtained through optimization at mathematical level also reflect the corresponding real 

values at biological level. This simplification was adopted as limited information was available on the 

effects of the kinases and phosphorylation sites represented in the network. An accurate estimation of 

biologically plausible parameter values could potentially be achieved by introducing additional weights 

for the enzyme activity, provided that more comprehensive information on the mutual influences of 

enzymes and phosphorylation sites becomes available at a later stage. 

Parameter optimization was carried out by defining equation 10 as the objective function. The term 𝑃𝑖(𝑡) 

represents the fold change measurements provided in the dataset for the respective protein 𝑃 

phosphorylated at phosphorylation site 𝑖. The activity weights were optimized by minimizing a loss 

function that quantifies the deviation between the model predictions and the experimental 

measurements.  

The present study benchmarks two optimizers representing distinct classes of optimization algorithms 

by assessing their performance across different experimental conditions and modeling constraints. The 

comparison is intended to provide guidance on which optimization paradigm is preferable in specific 

scenarios, especially with respect to future network expansions and their implications for scalability and 

robustness. 

𝑀𝑆𝐸 =  
1

𝑁 ∙ 𝑇
 ∑ ∑(𝑃̂𝑖

𝑚𝑜𝑑𝑒𝑙(𝑡) − 𝑃𝑖
𝑑𝑎𝑡𝑎(𝑡))

𝑇

𝑡=1

𝑁

𝑖=1

 Eq. 13 

 

For both optimizers, equation 10 was utilized as the objective function to estimate the dependency 

parameters. Additionally, equation 13 is defined as the true fit function to calculate the Mean Squared 

Error (MSE) as representative difference between the results of the estimated parameters (𝑃̂𝑖
𝑚𝑜𝑑𝑒𝑙) and 

the measured data (𝑃𝑖
𝑑𝑎𝑡𝑎). Here, N represents the number of proteins 𝑃𝑖 currently featured in the 

network, while T represents all the measured time points.  
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2.1.1 Gradient-Based Optimization 

The first optimizer developed in the present study is based on gradient descent parameter estimation 

algorithms employed through Flux [29] and Zygote [30] packages as well as the Adam optimizer in the 

Julia programming language [31]. In this approach, minimization of the MSE between model predictions 

and measured data across all proteins included in the network is achieved by calculating parameter 

updates through automatic differentiation, which are iteratively applied in the optimization progress. In 

the following, the script for gradient-based parameter optimization written in Julia will be referred to as 

Flux optimizer. 

 

 

2.1.1.1 Initialization of Flux Optimizer 

In the initial step of the parameter estimation process, the Comma-separated values (CSV) data file 

comprising information on the proteins considered in the network is uploaded into the cache [32]. More 

precisely, it includes fold change values for every time point from the original dataset, information on 

the network dependencies, and which phosphorylation site of the proteins is phosphorylated by which 

specific kinase. This information is converted into a data frame within the cache [33].  

Subsequently, a numeric matrix P is generated, which contains the fold changes of every protein in the 

data file for every measured time point. For the network dependencies, two data lists are established. 

The first list comprises a vector containing information on which phosphorylation site i belongs to which 

protein/kinase j, whereas the second list comprises a vector that states which kinases j react on which 

phosphorylation site i. Since the two generated vectors differ in length, it is mandatory to establish 

pointer arrays to accurately map the 𝛼𝑗
𝑖 parameters to the correct phosphorylation site i and 𝛽𝑗

𝑘  parameters 

to the correct kinase j, respectively. By setting up pointer arrays, expansion of the protein network is 

later facilitated while maintaining numerical efficiency of the vector optimization.  

 

 

2.1.1.2 Establishment of Parameter Boundaries 

The true optimization parameter vectors ps can afterwards be established as a tuple for 𝛼𝑖
0 and 𝛼𝑗

𝑖 as well 

as 𝛽𝑗
0 and 𝛽𝑗

𝑘 . In this tuple, the parameters are categorized as raw variables 𝜃 for 𝛼 and 𝜌 for 𝛽, which 

are passed towards the optimization process. This is advantageous for applying the constraints 

mentioned in section 2.1 to the parameters, as otherwise they would need to be explicitly forced onto 𝛼 

and 𝛽 in each optimization step. Instead, the Adam optimizer can operate in the free space of real 

numbers ℝ and fulfil the constraints indirectly when transforming the raw variables 𝜃 and 𝜌 into valid 

𝛼 and 𝛽 values.  

 



Methods  22 

 

softmax(𝜃𝑖) =  
𝑒𝜃𝑖

(∑ 𝑒𝜃𝑖𝑚
1 )

    Eq. 14 

In the Flux optimizer script, applying the parameter constraints for 𝛼 is realized by implementing a 

softmax function [34], where ∑ 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝜃𝑖) equals 1 (Eq. 14). With integration of the bias term 𝛼𝑖
0, the 

equations 15 and 16 for the estimation of 𝛼 values are employed onto the vectors 𝜃 by the softmax 

function integrated in the Flux package [29]. This ensures positivity of values in the vector contents as 

well as the result of summing up 𝛼 values of a protein equaling +1.  

𝛼𝑗
𝑖 =

𝑒

𝜃
𝛼𝑗

𝑖

(∑ 𝑒

𝜃
𝛼𝑗

𝑖
𝑚
1 )+𝑒

𝜃
𝛼𝑖

0
  for 𝑗 = 1, … , 𝑚    Eq. 15 

𝛼𝑖
0 =

𝑒
𝜃

𝛼𝑖
0

(∑ 𝑒

𝜃
𝛼𝑗

𝑖
𝑚
1 )+𝑒

𝜃
𝛼𝑖

0
       Eq. 16 

For applying the parameter constraints to the 𝛽 values, the hyperbolic tangent defined as tanh function 

[35] in Julia is utilized and employed onto the vectors 𝜌 (Eq. 17).  

tanh(𝜌) =
𝑒𝜌−𝑒−𝜌

𝑒𝜌+𝑒−𝜌      Eq. 17 

Since the raw values in these vectors can take on any real number ℝ, the tanh function restricts greatly 

positive numbers towards a value of +1, while restricting greatly negative numbers towards a value  

of −1. Because constraints for the 𝛽 values were chosen at +5 to −5, a multiplier depicted in  

equation 18 is introduced into the code.  

𝛽 = 5 ∗ tanh (𝜌)      Eq. 18 

With the tanh function implemented, the constraints for the 𝛽 values can be realized. Normalizing the 

sum of 𝛽𝑗
𝑘  values and 𝛽𝑗

0 value to a result of +1 must be achieved by introducing another function for 𝜆, 

which shifts all 𝛽 values by the same amount (Eq. 19).  

𝜆 =
1−∑ 𝛽𝑗

𝑘+𝛽𝑗
0

𝑚
  with m = amount of 𝛽 values    Eq. 19 

The numeric value of 𝜆 is added to each 𝛽𝑗
𝑘  value as well as the 𝛽𝑗

0 value, thereby achieving a result  

of +1 when summing up all 𝛽 values for one protein. However, by adding 𝜆, it is possible for the final 

𝛽 values to settle outside the target constraints of +5 to −5.  

𝑣𝑖𝑜𝑙 = max (0, |𝛽|, −5)    Eq. 20 

Therefore, a penalty function (Eq. 20) is employed to track the violation of constraints, whose results 

will be considered and brought into the calculation of the overall loss at a later stage. 
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2.1.1.3 Forward-Pass 

After parameter vector setup and integration of constraints for the 𝛼 and 𝛽 parameters, the Forward-

Pass of the optimizing process is initiated for calculating a tangible model prediction. In order to 

calculate the fold changes for every protein, the Forward-Pass is first divided into two steps. The model 

equation (Eq. 10) is nested with two sum levels, with the inner layer calculating phosphorylation site 

activity of the kinases, and the outer layer calculating the activity of kinases on specific phosphorylation 

sites of a protein (Section 1.6). Therefore, two matrices can be established for each layer calculation of 

the Forward-Pass. 

The first is an intermediate matrix B, which stores results of the phosphorylation site activity calculation. 

For that, the 𝛽𝑗
𝑘  and 𝛽𝑗

0 values are passed from constraint appliance to the Forward-Pass. Fold change 

values for every kinase are imported from the matrix P (Section 2.1.1.1). By applying  

the sub equation for the inner layer of the model equation (Eq. 10), results for terms comprising the 

𝛽 values can be calculated and stored within the matrix B.  

Subsequently, values of the 𝛼𝑗
𝑖 and 𝛼𝑖

0 parameters are imported along with the results from matrix B to 

calculate the model output 𝑃𝑖. The output is afterwards stored in the matrix 𝑃̂ for the outer layer of the 

model equation.  

In the Forward-Pass, both matrices are established through the buffer function integrated in the Zygote 

package [30]. By utilizing buffers, the script automatically differentiates the matrices, therefore 

supporting the looping process of the iterative optimization, as standardized arrays might cause 

calculation problems.  

 

 

2.1.1.4 Loss Function 

For calculating the loss as difference between the observed data from the model and the measured data 

from the experiments, both matrices 𝑃̂ and P were imported. Subsequently, observational masks 𝑊𝑜𝑏𝑠 

and site_has_kin were established. The former verifies all the measured data points in matrix P while 

flagging missing values, whereas the latter examines the assignments of kinases to the phosphorylation 

sites of the proteins within the network. With introduction of 𝑊𝑡𝑟𝑎𝑖𝑛 as a final training mask, both 

observational masks are evaluated and their information combined. Mathematically, 𝑊𝑡𝑟𝑎𝑖𝑛 mask now 

corresponds to the number of indices i, that will be summated. In the obs_count mask, entries of 𝑊𝑡𝑟𝑎𝑖𝑛 

that are recognized as true will be counted.  

𝑀𝑆𝐸 = (𝑃̂ − 𝑃)2     Eq. 21 

The difference between observed and measured data can be calculated with the result being squared  

(Eq. 21). Utilizing the MSE in loss calculation is sensible for penalizing greater differences between 

model and data with stronger effects. Finally, the MSE for the entire model can be calculated under 

utilization of obs_count and summation of all entries within the 𝑊𝑡𝑟𝑎𝑖𝑛 mask (Eq. 22). 
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𝑀𝑆𝐸 =  
1

𝑜𝑏𝑠_𝑐𝑜𝑢𝑛𝑡
 ∑ (𝑃̂𝑖(𝑡) − 𝑃𝑖(𝑡))2

(𝑖,𝑡)∈𝑊𝑡𝑟𝑎𝑖𝑛
    Eq. 22 

In addition to the MSE calculation, the penalty term beta_pen for 𝛽 values located outside the set 

constraints is calculated and included in the overall loss of the optimization.  

 

 

2.1.1.5 Gradient-Based Optimization Algorithm 

After establishing the matrices as well as the loss function, the initiation of the iterative training 

algorithm is approached. First, the currently employed set of parameters ps is utilized to calculate the 

values of the 𝑃̂ matrix, which is then used to calculate the initial loss value of the optimization process.  

With the initial loss value calculated, the optimizer can start determining the gradients of the current 

parameter set by calculating the derivatives of the parameter change over the change in loss function 

value by applying the gradient function implemented in the Zygote package [30].  

𝑔𝑟𝑎𝑑_𝑝𝑠 = (
𝜕𝑙𝑜𝑠𝑠

𝜕𝜃
𝛼𝑗

𝑖
,

𝜕𝑙𝑜𝑠𝑠

𝜕𝜃
𝛼𝑖

0
,

𝜕𝑙𝑜𝑠𝑠

𝜕𝜌
𝛽𝑗

𝑘
,

𝜕𝑙𝑜𝑠𝑠

𝜕𝜌
𝛽𝑗

0
)    Eq. 23 

The calculation of the Zygote gradient function results in generation of a tuple 𝑔𝑟𝑎𝑑_𝑝𝑠, which contains 

four vectors representing the gradients of each parameter (Eq. 23). The loss derivatives in the tuple are 

then passed on to the Adam optimizer along with the initial parameters ps and the current state of 

iterations. For every entry in the parameter vectors, Adam stores a first momentum m representing the 

smoothed mean trend direction of the gradient, and a second momentum v representing the squared 

mean gradient value for measuring gradient size [36]. With the introduction of these quantities, the 

optimizing procedure of Adam differs from standard gradient-based algorithms, as the gathered 

information helps analyzing which step size can be chosen and how careful the parameters should be 

updated. The true optimization and update of parameters is carried out according to equation 24, with 𝜔 

as the parameter to be updated, 𝜀 as a small stabilization constant, and 𝜂 as learning rate [36]. 

𝜔𝑖+1 = 𝜔𝑖 − 𝜂 ∗
𝑚𝑖

√𝑣𝑖+𝜀
      Eq. 24 

By utilizing the update equation, direction of gradient and scale of step size are impacting the generation 

of the new set of parameters, as these quantities act inversely proportional. In general, the Adam 

optimizer is utilizing adaptive step sizes per parameter to increase loss minimization per iteration and 

stabilize oscillating gradients as well as noisy gradient direction [36].  The updated set of parameters is 

fed back into the Forward-Pass of the iteration loop to start the next optimization cycle, while the state 

of optimization with Adam is updated as well.  

In the final step of the gradient-based optimization progress, the raw parameters are imported from cache 

once the last of the manually defined iterations is reached. The true 𝛼 and 𝛽 values for every protein, 

kinase, and phosphorylation site are calculated from the tuples and stored in data files for later use in 

the ODE network simulation.  
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2.1.2 Interior-Point Optimization 

The second optimizer developed in the present study is based on Interior Point optimization algorithms 

of parameters employed through the JuMP [37] and Ipopt [38] packages. In contrast to the gradient-

based approach, the interior point optimizer defines parameter estimation as a constrained nonlinear 

optimization problem in which the parameters are treated as explicit decision variables and optimized 

directly while applying bound parameter constraints. The model parameters are obtained by minimizing 

the MSE between predicted and measured data, while applying structural conditions of the network 

within the optimization procedure itself. In the following, the script for the interior point–based 

parameter optimization written in Julia will be referred to as the JuMP optimizer. 

 

 

2.1.2.1 Initialization of JuMP Optimizer 

In first instance, the CSV data file containing information on the measured fold change values of all 

proteins within the network as well as their phosphorylation dependencies is uploaded into the cache of 

Julia [32] and subsequently converted into a data frame [33] while verifying the existence of predefined 

columns for proteins, phosphorylation sites and kinases. The contents of the data frame are cleaned to 

be converted into strings. For every protein and phosphorylation site measured, rows are inserted into 

vectors of a tuple, which now contains all the information of the measured data. Subsequently, dictionary 

P_data is defined from this tuple to act as an accessible data storage from which information can later 

be easily retrieved for building arrays and matrices. 

In the following step, alpha_list is established with every entry corresponding to one 𝛼𝑗
𝑖 parameter term. 

In the JuMP optimizer script, 𝛼 parameters are not reconstructed as pointer arrays, but modelled as 

explicit optimization variables. Simultaneously, beta_set is established as a quantity of tuples containing 

kinases and phosphorylation sites. By comparing and matching the kinase entries from alpha_list with 

the measured phosphorylation sites in the P_data dictionary, candidates for 𝛽𝑗
𝑘  can be identified and 

stored in a unique_betas list. To identify which 𝛼 parameters act on the phosphorylation sites i, the 

targets dictionary is established storing lists of all indices in alpha_list that act on the respective target 

site. By establishing the beta_groups dictionary, a similar assignment is conducted to map which 𝛽𝑗
𝑘  

belong to the kinases j and convert these dependencies to indices. In general, converting string identifiers 

of proteins, phosphorylation sites, and kinases into index assignments is mandatory for the JuMP 

optimizer to achieve higher computational power in the later stages of parameter estimation.  

With introduction of the Pval 3D array, a great numeric data structure consisting of the 𝛼 index i (first 

dimension), the 𝛽 index j (second dimension), and the time point t (third dimension) is established, 

which can be utilized to calculate the needed sums in the JuMP optimization. In preparation to compare 

parameter estimation results with the measured data, the matrix Y_obs is created to store every measured 

fold change value of every protein at the respective time points.  
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2.1.2.2 Prediction Process 

After establishing and formatting the data structures needed for the optimization, prediction of 

parameters and loss calculation is initiated. Similar to the Forward-Pass of the gradient-based 

optimization (Section 2.1.1.3), the function predict_and_losses is implemented to take on the tasks of 

calculating model predictions, compare them with measured data, and calculate the MSE to later update 

the estimated parameter values. As an input, the function receives four vectors containing values of 𝛼𝑗
𝑖 

and 𝛼𝑖
0 as well as 𝛽𝑗

𝑘  and 𝛽𝑗
0 as final and tangible model parameters instead of raw parameters.  

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 = 𝑝𝑟𝑒𝑑 𝜖 ℝ𝑘𝑠𝑖𝑡𝑒𝑠∗𝑡      Eq. 25 

In the initial step of the prediction, a subfunction pred (Eq. 25) is introduced which creates the prediction 

matrix containing the predicted values for the respective target site k at time point t. As the site-specific 

structure of the prediction is established, the bias term 𝛼𝑖
0 is expressed first, since it represents the 

consistent part of the outer model equation calculating the activity of kinases on specific phosphorylation 

sites of a protein (Section 1.6). Afterwards, values are summed across all respective 𝛼𝑗
𝑖 parameters 

belonging to the target site. For every respective 𝛼𝑗
𝑖 parameter, it is determined which kinase represents 

each term to subsequently initiate the establishment of the inner layer for calculating phosphorylation 

site activity of the kinases (Section 1.6). In the script, calculation of the inner layer is initiated by 

establishing the bias term 𝛽𝑗
0. Afterwards, values are summed across all respective 𝛽𝑗

𝑘  parameters 

belonging to the respective kinase. All 𝛼𝑗
𝑖 and 𝛽𝑗

𝑘  values for prediction of known dependencies are 

retrieved from the Pval array. Once creating the inner and outer layer of the model equation (Eq. 10) by 

summation of respective terms is completed, the final prediction value 𝑃̂𝑖(𝑡) for every protein is 

calculated and stored as an entry in the pred prediction matrix. Subsequently, the MSE can be calculated 

by utilizing equation 13 (Section 2.1).  

 

 

2.1.2.3 Formulating the Optimization Problem 

With the helper function predict_and_losses established, the true optimization model can be formulated 

using the JuMP [37] and Ipopt [38] packages. The vectors containing 𝛼𝑗
𝑖 and 𝛼𝑖

0 as well as 𝛽𝑗
𝑘  and 𝛽𝑗

0 

represent the desired model parameters with secondary conditions and boundary constraints  

(Section 1.6) implemented directly within the optimization problem.  

The target function @NLobjective is initially defined similar to the objective function for the  

gradient-based optimization (Eq. 10). When the optimize! function is initiated, starting point values are 

assigned to each set of parameters, with 𝛼𝑗
𝑖 and 𝛽𝑗

𝑘  vectors receiving values of +1 and 𝛼𝑖
0 and 𝛽𝑗

0 vectors 

receiving values of 0. Initiating the function already meets the summation requirements in form of the 

fit function for the respective proteins to set a valid starting point for the Interior Point optimizer. Just 

before the iterative optimization process starts, an initial loss value is calculated with the 

predict_and_losses function.  
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2.1.2.4 Optimization Process 

Once the requirements for optimization are fulfilled, the Interior Point optimizer starts the iterative 

solution process. In this context, the solver interface provided by the MathOptInterface package [39] is 

used to implement the Ipopt callback for logging optimization progress. The optimizer then searches for 

a parameter vector that minimizes the objective function while satisfying the defined secondary 

conditions. To prevent violation of these conditions during optimization, barrier functions are 

incorporated into the solution process [40].  

𝑣𝛼 = −𝜇 log(𝛼) −  𝜇 log (1 − 𝛼)    Eq. 26 

To set constraints to the 𝛼 parameters, a boundary function is applied as depicted in equation 26. With 

this function implemented, values for 𝛼 are positive and lie between 0 and +1. Moreover, the 

implementation of the barrier weights 𝜇 serves to penalize parameter values pushing towards the 

boundary limits.  

𝑣𝛽 = −𝜇 log(𝛽 − (−5)) −  𝜇 log (5 − 𝛽)   Eq. 27 

By implementing the second barrier function depicted in equation 27, boundaries for the 𝛽 values can 

be applied. With use of logarithmic conversion as well as setting barrier weights 𝜇, values of the 𝛽 

parameter are limited within constraints between −5 and +5.  

Φ(𝛼𝑗
𝑖 , 𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0) = 𝑃̂𝑖(𝛼𝑗
𝑖 , 𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0) + 𝐵(𝛼𝑗
𝑖 , 𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0)  Eq. 28 

With setup of the barrier functions being completed, the sub equation 28 can be formulated. In context 

of the equation, 𝑃̂𝑖 represents the term aiming to fit the model output as close as possible to the measured 

data, while 𝐵 represents the sum of implemented barrier functions to keep the variables within the 

permissible range.  

Although boundary constraints are now established through utilization of barrier functions, other 

secondary conditions must be fulfilled as well. For the implementation of the condition that the sum of 

respective 𝛼𝑗
𝑖 and 𝛼𝑖

0 values as well as 𝛽𝑗
𝑘  and 𝛽𝑗

0 values of a protein must equal a value of +1, a Lagrange 

function is utilized as depicted in equation 29 [40].  

ℒ(𝛼𝑗
𝑖 , 𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0, 𝜆) = Φ(𝛼𝑗
𝑖 , 𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0) + ∑ 𝜆𝑖
𝑖𝑠𝑖𝑡𝑒𝑠
𝑖=1

(𝛼𝑖
0 + ∑ 𝛼𝑗

𝑖 − 1) + ∑ 𝜆𝑗
𝑗𝑘𝑖𝑛𝑎𝑠𝑒𝑠
𝑗=1

(𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘 − 1)    Eq. 29 

The Φ term of the Lagrange equation represents the first part fitting the model to the measured data 

under consideration of parameter constraints (Eq. 28). The second part of the equation works towards 

fulfilling the secondary conditions regarding the sums of respective 𝛼 and 𝛽 values by introducing a 

Lagrange multiplier 𝜆 for penalizing the violation of the conditions with adaptive strength. The stronger 

the constraint violation, the higher the numeric penalty flowing back into the result of the Lagrange 

function [40].  

The Interior Point optimizer integrated in the Ipopt package [38] searches for the optimal result of the 

Lagrange function where the best fit the model to the data is achieved while satisfying all the secondary 

constraints by calculating derivatives of ℒ over every parameter to be optimized (Eq. 30).  

𝜕ℒ

𝜕𝛼𝑗
𝑖 =

𝜕ℒ

𝜕𝛼𝑖
0 =

𝜕ℒ

𝜕𝛽𝑗
𝑘 =

𝜕ℒ

𝜕𝛽𝑗
0 = 0    Eq. 30 
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From the derivatives, the Interior Point optimizer utilizes the gradients and furthermore constructs a 

system of Karush-Kuhn-Tucker conditions (KKT) to calculate the optimum that meets them. Calculation 

is initiated by establishing a vector function 𝐹(𝑧) containing the adjustable parameters (Eq. 31) [40]. 

𝐹(𝑧) = (

∇ℒ(𝜆)

(𝛼𝑗
𝑖 , 𝛼𝑖

0)

(𝛽𝑗
𝑘 , 𝛽𝑗

0)

)     Eq. 31 

The optimizer searches for parameter values leading the calculative result of 𝐹(𝑧∗) = 0. Since 𝐹(𝑧) is 

a nonlinear equation system, it is only iteratively solvable by performing linear approximation around 

the current point 𝑧 in each iteration.  

𝐹(𝑧 + ∆𝑧) ≈ 𝐹(𝑧) + 𝐽 ∆𝑧    Eq. 32 

𝐽 =
𝜕𝐹

𝜕𝑧
(𝑧)     Eq. 33 

Linearization is applied locally utilizing equation 32, where 𝐽 represents the Jacobi matrix of the KKT 

system (Eq. 33) [40]. This matrix contains the derivatives of the KKT equations with respect to all 

unknown variables. By calculating the first derivatives of the equations as well as the second derivatives 

by applying Hessian matrices, the Interior Point optimizer receives information on the direction of 

gradient as well as curvature of the optimization landscape. This information enables calculation of a 

much more precise optimizing step known as Newton step by rearranging equation 32, which gives rise 

to a linear equation system with unknown correction ∆𝑧 (Eq. 34). 

∆𝑧 = (∆𝛼𝑗
𝑖 , ∆𝛼𝑖

0, 𝛽𝑗
𝑘 , 𝛽𝑗

0 , ∆𝜆)    Eq. 34 

When solving this linear equation system, the Interior Point optimizer receives a direction in which 

violations of the steady state and the constraints are reduced with regard to the previous state.  The 

optimizer then analyses if the new state point inherits smaller KKT residuals while improving barrier 

function results and constraint violations, before updating the parameters to calculate a new state point 

in the iterative optimizing approach. Once 𝐹(𝑧) inherits a value of (nearly) 0, the optimizer stops, since 

all conditions in terms of parameter adaptations are met. The accuracy of this estimate can be adjusted 

manually within the script [38]. 

Once the optimization process finishes, the values of the optimized 𝛼 and 𝛽 parameters are extracted 

from the cache and inserted into the predict_and_losses function one last time to receive the final model 

prediction and error measure. The final 𝛼 and 𝛽 values are stored in data files for later use in the ODE 

network simulation.  
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2.1.3 Methodological Comparison of both Optimizers 

The two optimizers established in the present study were developed to estimate the dependency 

parameters 𝛼𝑗
𝑖, 𝛼𝑖

0, 𝛽𝑗
𝑘  and 𝛽𝑗

0 of the signaling network in such a way that the model predictions conform 

to the experimentally observed fold change data of the network proteins as close as possible. Despite 

relying on different optimization paradigms, both optimizers share the same biological objective and 

modelling approach as well as distinct parts in the structure of their scripts developed in Julia, thereby 

allowing methodological comparison.  

 

Figure 8: Schematic representation of code structure for the Network dependency parameter Optimizer. The 

flowchart shows similarities in the structure of the scripts (Black Boxes) as well as differences between Gradient-

Based Optimization (Green Boxes) and Interior-Point Optimization (Blue Boxes). 

 

Within both optimizers, processing the information from the incorporated measured protein fold change 

dataset as well as analyzing the dependencies between kinases and phosphorylation sites progresses in 

similar ways by creating arrays, dictionaries and tuples to transfer and build the network structure  

(Fig. 8). Moreover, estimating parameter values is initiated in similar ways by establishing the inner 𝛽 

kinase term as well as the outer 𝛼 site term by the Forward-Pass in the Flux script and the 

predict_and_losses function in the JuMP script, respectively. Predicting the loss by calculating the MSE 

value in the iterative approach of the optimization is also identical between the two scripts. 
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However, the central methodological difference between the optimizers is handling of the parameters 

whose values are estimated in the optimization process. In the Flux script of the gradient based optimizer, 

the biologically interpretable parameters 𝛼 and 𝛽 are only indirectly optimized, as they are embedded 

in raw parameters 𝜃 and 𝜌. From these raw parameters, the 𝛼 and 𝛽 values are derived under appliance 

of constraint functions. Therefore, the Flux optimizer operates in a reparametrized, unconstrained raw 

parameter space, from which the biological weights are generated only as a secondary step. 

In contrast, the biologically interpretable parameters 𝛼 and 𝛽 themselves pose the optimization variables 

in the JuMP script of the Interior Point optimizer. Constraints are applied directly on these variables by 

utilizing barrier functions, while secondary conditions appear as linear equations in the optimization 

model. The JuMP script operates within the original variable space of the biologically interpretable 

parameters. 

The main distinction between the two optimizing approaches is posed by the different algorithms 

utilizing in the parameter estimation process. In the Flux script of the gradient-based optimizer, a first-

order method is utilizing, where every training iteration proceeds by calculating the current loss, 

estimating the gradient of the loss for every raw parameter, and applying it in the Adam optimizer to 

update the parameter values. Adam utilizes every block of parameters for estimating the first and second 

gradient momentums to generate adaptive step sizes. Training therefore involves many small and 

iteratively adjusted step sizes that are based only on gradient information.   

In the JuMP script of the Interior Point optimizer, constraints and secondary conditions are integrated in 

the parameter estimation process as linear equations, which are solved by establishing KKT systems, 

which are linearized for every iteration. From there, Newton steps are calculated that update all variables 

simultaneously. In contrast to Adam, the Interior Point optimizer utilizes the gradient as well as curvature 

information from Lagrange functions for accurate parameter estimation.  
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2.2 Kinetic Parameter Optimization & Network Simulation 

The ODE network comprising the selected kinases (Section 1.4) is established by integrating the 

optimized dependency parameters into the model equations, estimating the values of the kinetic 

parameters, and solving the ODE system.  

In this framework, the optimized 𝛼 and 𝛽 parameters are incorporated into the time-dependent ODE 

network model established from the distributive mass action kinetics phosphorylation approach (Section 

1.5). The model equations 11 and 12 for calculation of the abundances of the unphosphorylated and 

phosphorylated proteins 𝑃0(𝑡) and 𝑃𝑖(𝑡) are utilized as the objective functions to calculate the proteomic 

fold change values. The kinetic parameters are optimized within their predefined constraints to replicate 

the measured fold changes from the protein dataset (Section 1.3). 

The model simulation is comprised of three scripts written in Julia. The main script is defined to control 

and coordinate the overall modeling procedures, while the optimizing script contains the protein-specific 

optimization logic for the kinetic parameters. The network script incorporates the definition of the kinase 

model, the ODE simulation and the output functions.  

 

 

2.2.1 Initialization of Kinetic Optimizer 

In the initial step of the estimation process for the kinetic parameters, the input CSV data files are 

retrieved by the main script [32]. The separate files contain the optimized dependency parameters 𝛼 and 

𝛽, the network dependencies between kinases and phosphorylation sites, the observed fold change 

values from the protein dataset, and the blueprint of kinetic parameters slated for optimization.  

In the network script, the information is converted into data frames [33]. Based on the information 

retrieved on the dependencies within the protein network, a list is generated containing every substrate 

that will represent a network node. Additionally, a dictionary is established which stores corresponding 

phosphorylation sites per substrate. Another dictionary stores the assigned kinases which react on the 

respective phosphorylation sites. The data from the optimization of the 𝛼 and 𝛽 parameters is analyzed 

and translated into structures that make the 𝛼𝑖
0 and 𝛼𝑗

𝑖 values as well as the 𝛽𝑗
𝑘  and 𝛽𝑗

0 values accessible 

for importing the respective dependency parameters later.  

After the topology and parameters are converted into data frames [33], a model cache is created in the 

main script, which includes protein substrates, phosphorylation sites, kinases, dependency parameters, 

observed fold changes, time points, and the network layout. The cache thereby combines all the 

information needed for optimization and simulation.  
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2.2.2 Generating the internal Model State Structure 

For every protein substrate, a state block is established which comprises of three different substates. The 

first substate represents the mRNA abundance 𝑅 calculated by equation 2, where the upstream mRNA 

production state is synthesized by 𝐴 and degraded by 𝐵. The second substate represents the abundance 

of the unphosphorylated protein 𝑃0 calculated by equation 11. 𝑃0 is produced by R, degraded on a basal 

level by 𝐷0, consumed by phosphorylation 𝑆𝑖, and regained through dephosphorylation 𝐷𝑖. The third 

substate represents the phosphorylated protein 𝑃𝑖 calculated by equation 12, which is produced by 

phosphorylation of 𝑃0, degraded by 𝐷𝑖, and dephosphorylated by 𝑍𝑖.  

The ODE solver does not process isolated proteins but instead integrates them into a unified global state 

vector which contains the state blocks for every protein substrate in the network. Since the network 

dynamics are time-dependent, an index dictionary is created to assign time point indices to every 

substate in the global vector.  

For the implementation of the 𝛼 and 𝛽 parameters, a dependency term is established to be integrated in 

the calculations of the ODE functions. This term resembles the right-hand side of equation 10 and is 

defined as the activity term 𝐴𝑐𝑡𝑖 (𝑡) to represent the network dependencies in the ODE solving process 

(Eq. 35).  

𝛼𝑖
0 + ∑ (𝛼𝑗

𝑖(𝛽𝑗
0 + ∑ 𝛽𝑗

𝑘𝑃𝑗
𝑘(𝑡))𝑘 )𝑗 =  𝐴𝑐𝑡𝑖 (𝑡)   Eq. 35 

In the process of optimizing the kinetic parameters, the term 𝑃𝑗
𝑘(𝑡) in equation 35 embodying the kinases 

phosphorylating the respective protein substrate is represented by the fold change values of the observed 

protein dataset rather than the kinase states calculated withing the optimization process to ensure global 

convergence and stabilize the optimization.  

 

 

2.2.3 Establishment of ODE Function 

The central equation in the global network is embedded in the f_ode! function, in which an ODE state 

block is calculated for every protein substrate. Within this function, global kinetic parameters 𝐴, 𝐵, 𝐶, 

and 𝐷0 as well as site-specific parameters 𝑆𝑖, 𝐷𝑖, and 𝑍𝑖 are initialized via a subfunction which 

interpolates between the measured time points making the parameters not static but time-dependent. 

Subsequently, the specific equations for mRNA, protein, and phosphoprotein calculations are 

established.  

Since the 𝛽 parameters can inherit negative numeric values, the entire activity term established in  

section 2.2.2 can become negative. This can result in the calculation of non-physical negative fold 

change values for the protein abundances. Moreover, the fold changes tend to diverge further into the 

negative domain in the process of solving the ODE functions, reaching conditions that render numerical 

solvers unstable. Consequently, this issue compromises the integrity of the simulation process. For this 

reason, a gating function 𝜙 is implemented into the calculation of the activity term (Eq. 36).  
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𝜙(𝐴𝑐𝑡𝑖 ) = {
𝐴𝑐𝑡𝑖 , 𝐴𝑐𝑡𝑖 ≥ 0,

0, 𝐴𝑐𝑡𝑖 < 0.
}     Eq. 36 

Integration of the gating function in the optimization process prevents negative inflows of the activity 

term from generating negative fold change values. When the activity term assumes positive values, they 

remain unaffected by the gating function. However, if the term assumes a negative value, the gating 

function resolves to 0. To provide flexibility, two different gating functions were implemented, and the 

desired method can be selected within the configuration settings of the main script.  

ReLU(x) =  max (0, 𝑥) =
𝑥 + |𝑥|

2
    Eq. 37 

The rectified linear unit (ReLU) function is a strict threshold function, as negative inputs are 

immediately eliminated by being pushed towards a value of 0, whereas positive values are passed on 

without changes (Eq. 37) [41]. 

𝜙(𝐴𝑐𝑡𝑖 ) =
𝐴𝑐𝑡𝑖+ |𝐴𝑐𝑡𝑖|

2
      Eq. 38 

Regarding the gating of the activity term (Eq. 38), the ReLU function is numerically efficient but not 

smoothed at 𝐴𝑐𝑡𝑖 = 0, where it exhibits a non-differentiable inflection point. The abrupt change of 

derivative behavior at the inflection point potentially complicates numeric handling of the system for 

the differential solver [42]. 

softplus(𝑥) = log (1 + 𝑒𝑥)     Eq. 39 

As an alternative to the hard threshold of ReLU, the Softplus function is introduced which offers a 

smooth, continuous approximation for gating the activity term (Eq. 39) [43]. 

𝜙(𝐴𝑐𝑡𝑖 ) =
1

𝑘
 log(1 + 𝑒𝑘(𝐴𝑐𝑡𝑖))     Eq. 40 

When applied to the activity term, an additional smoothing variable 𝑘 is introduced (Eq. 40), which 

controls the steepness of the transition and can be adjusted in the configuration with the condition of 

𝑘 > 0. 

𝑑𝑃0

𝑑𝑡
= 𝐶𝑅 −  𝑃0(𝐷0 + ∑ 𝑆𝑖  𝜙(𝐴𝑐𝑡𝑖)𝑛

𝑖 ) + ∑ 𝑍𝑖𝑃𝑖
𝑛
𝑖=1    Eq. 41 

𝑑𝑃𝑖

𝑑𝑡
= 𝑆𝑖𝑃0𝜙(𝐴𝑐𝑡𝑖) −  𝑃𝑖(𝐷𝑖 + 𝑍𝑖)    ∀𝑖    Eq. 42 

For integration of the respective gating function into the calculation of protein abundances, the  

equations 11 and 12 (Section 1.6) can be rearranged which gives rise to the equations 41 and 42 with 

the integrated activity term as well as the employment of the gating function 𝜙. These final equations 

are utilized in the ODE solving process.  
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2.2.4 Optimization of Kinetic Parameters 

With the concluded establishment of the model state structure and the ODE function, the optimization 

process of the kinetic model parameters is initiated. As explained in section 2.2.2, the parameters are not 

globally estimated across the entire network, but protein-wise. The optimization is performed against 

the experimental fold change time series of proteins and their respective sites. Only after this protein-

specific optimization are the resulting parameters integrated into the interdependent global simulation 

of the complete ODE network. 

To identify the isolated parameters that need to be estimated for every time point, the parameter rows 

are retrieved from the data frame depending on the substrate-, time- and phosphorylation site index. 

Thereby, each optimizable parameter inherits a unique combination of indices. The kinetic parameters 

are subsequently stored in a time-dependent vector 𝑥.   

𝐴(𝑡), 𝐵(𝑡), 𝐶(𝑡), 𝐷0(𝑡), 𝑆𝑖(𝑡), 𝐷𝑖(𝑡), 𝑍𝑖(𝑡) 𝜖 [0,2] 

Global constraints are defined as dictionaries and applied to all kinetic parameters. As the fold change 

values are calculated as relatives in the ODE functions, parameter constraints were set between 0 and 2 

to limit the rates of change and align them with real biological conditions.  

In the initial phase of the optimizing process, the measured fold change data is mapped to be utilized as 

an estimation target and for retrieving the fold change values of the kinases 𝑃𝑗
𝑘(𝑡) in the independent 

protein-wise optimization. Subsequently, the final ODE functions represented by the equations 2, 41 and 

42 are retrieved to establish an ODE subsystem for every protein substrate. This subsystem is solved by 

a numerical algorithm selected in the configuration of the main script. In the present study, the Tsit5 

solver integrated in the OrdinaryDiffEq package [44] was utilized for calculating the solution of the 

ODE problem, as it is the recommend default solver for non-stiff differential equation problem providing 

fifth-order accuracy and excellent efficiency [45]. 

ℒ𝑝𝑟𝑜𝑡𝑒𝑖𝑛 = 𝑀𝐴𝐸𝑝𝑟𝑜𝑡𝑒𝑖𝑛 + 𝜆 ∗ ℒ𝑝𝑟𝑖𝑜𝑟     Eq. 43 

The optimization process is driven by minimizing the loss term defined in equation 43 which comprises 

of two sub terms, namely the calculation of the Mean Absolute Error (MAE) and the prior loss term.  

𝑀𝐴𝐸𝑝𝑟𝑜𝑡𝑒𝑖𝑛 =
1

𝑁𝑝𝑟𝑜𝑡𝑒𝑖𝑛
∑ |𝑃𝑝𝑟𝑜𝑡𝑒𝑖𝑛,𝑖

𝑚𝑜𝑑𝑒𝑙 (𝑡) − 𝑃𝑝𝑟𝑜𝑡𝑒𝑖𝑛,𝑖
𝑑𝑎𝑡𝑎 (𝑡)|(𝑖,𝑡)𝜖𝑃   Eq. 44 

The MAE is obtained by calculating the absolute difference between the fold change values estimated 

in the model and the measured fold changes from the dataset (Eq. 44). Therein, 𝑃 comprises the 

unphosphorylated protein state 𝑃0(𝑡) as well as the phosphoprotein states 𝑃𝑖(𝑡).  

The prior loss term integrated in equation 43 is established to prevent specific issues regarding the 

assignment process of the values for parameters with opposite effects on the mRNA- and protein 

abundances. When a parameter governing the synthesis of mRNA, protein, or phosphoprotein shares the 

same value as its corresponding degradation parameter, the two offset each other. This results in a steady 

state where their combined effect on the abundance is nullified.  
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ℒ𝑝𝑟𝑖𝑜𝑟 = ∑ (log(𝜈 + 𝜀) − log (𝑝0)𝜈𝜖𝐴,𝐵,𝐶,𝐷,𝑆,𝑍 )2    Eq. 45 

To prevent this issue, the prior loss term is implemented into the optimization process as defined in 

equation 45 [46]. The term applies a logarithmic transformation to the kinetic parameters represented 

by 𝜈, to which the variable 𝜀 is previously added. This variable contains a small numeric value to prevent 

the logarithmic term from becoming 0 if the respective kinetic parameter inherits a value of 0. The 

variable 𝑝0, representing a manually determined configuration value, is log-transformed and subtracted 

from the kinetic parameter term. This mechanism biases the kinetic parameters toward the value of 𝑝0. 

In this study, 𝑝0 was set to 1, as this represents the unit value at which the derived rate of change is zero. 

Consequently, the kinetic parameters are encouraged to fluctuate around unity, which is consistent with 

biological plausibility. The 𝜆 variable implemented in the overall loss function in equation 43 is utilized 

as a weight parameter to manually control the impact of the prior term on the calculation of the overall 

loss [46]. 

 

 

2.2.5 Initialization of Iterative Optimization  

The process of parameter estimation is initiated by importing the kinetic parameter entries for every 

respective protein from the global parameter vector 𝑥 described in section 2.2.4. Subsequently, the Adam 

optimizing algorithm is employed by creating two additional vectors 𝑚 and 𝑣 for storing data regarding 

the iteration progress and gradient state.  

In the beginning of the iteration loop, a perturbational vector 𝛿 is established which stores randomly 

generated values for defining a stochastic direction within the local parameter domain. The appliance of 

the perturbation creates variants of parameters with small positive as well as small negative 

perturbations, namely 𝑥+ and 𝑥−, which are immediately clamped within the determined constraints 

between 0 and 2 [47]. The applied perturbations are utilized as an alternative to calculating the 

derivatives for the entire ODE simulation, which is more complex and therefore consumes time and 

computational power. Perturbing the parameters in a positive and negative direction causes a gradient 

change which indicates the course expressing a lower loss value. As described in section 2.2.4, the Tsit5 

solver [45] is applied to simulate the ODE system and gain results for both perturbation variants of the 

global parameter vector. These results are compared to the observed fold change values to obtain the 

MAE, the prior loss, and finally the overall loss for both parameter variants 𝑙+ and 𝑙− [47]. 

𝑃𝑠𝑐𝑎𝑙𝑒 =
𝑙+−𝑙−

2𝑐
      Eq. 46 

From the difference between 𝑙+ and 𝑙−, a gradient approximation is constructed. First, a scale vector is 

calculated according to equation 46, where the variable 𝑐 represents the difference between the 

parameter variants and the currently employed set of parameters. The vector is then utilized to calculate 

the gradient 𝑔̂ as expressed in equation 47. 

𝑔̂ = 𝑃𝑠𝑐𝑎𝑙𝑒 ∗ 𝛿      Eq. 47 
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The estimated gradient is passed on to update the Adam optimizer. First, the vectors 𝑚 and 𝑣 containing 

information regarding the gradient state are recalculated to be utilized in the subsequent calculation of 

the step size of the corresponding time point according to equation 48 with 𝜂 representing the manually 

adjusted learning rate [36]. 

𝑠𝑡𝑒𝑝𝑡 = 𝜂 ∗
𝑚̂𝑡

𝑣̂𝑡+𝜀
     Eq. 48 

The local set of employed parameters is then updated by subtracting the calculated step (Eq. 49). 

𝑥𝑡+1 = 𝑥𝑡 − 𝑠𝑡𝑒𝑝𝑡     Eq. 49 

After this update, the new set of parameters is clamped one more time to ensure that all values are located 

within the determined constraints. The iteration loop is then reinitiated to further optimize the set of 

parameters until the maximum number of iterations defined in the configuration of the main script is 

reached. The set of parameters which achieved the lowest overall loss is subsequently stored in a CSV 

file for utilization in the dependent ODE simulation.  

 

2.2.6 Simulation of dependent ODE Network  

The simulation of the ODE Network comprising active dependency relations between the kinases in 

initiated once the optimized kinetic parameters are established. The parameter set is immediately 

retrieved and imported into the dependent run of the network script along with the model structure 

(Section 2.2.2), the experimental fold change data, and the dependency parameters 𝛼 and 𝛽. Within the 

dependent simulation, the same state vector containing the ODE system for every protein is utilized to 

simulate not the isolated protein subsystem but the entire network. The significant difference between 

the independent and dependent simulations is the employment of the 𝑃𝑗
𝑘(𝑡) kinase term located in the 

activity equation (Eq. 35). While 𝑃𝑗
𝑘(𝑡) is representing the fold change values from the experimental set 

of data in the independent simulation, it now incorporates the kinase terms calculated by the global ODE 

systems in real-time. Thereby, proteins become recursively interlinked as the activity of a kinase now 

affects the phosphorylation rates of their downstream target sites, which in turn influence other kinases 

within the network.  

The dependent ODE problem is formulated globally and solved using the algorithm specified in the 

main configuration script. In contrast to the protein-wise optimization, the complete time course between 

0 and 960 minutes is calculated in a single ODE simulation run for every kinase simultaneously. The 

calculated fold change values are stored in CSV files to facilitate subsequent data processing. 
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3. Results & Discussion 

 

3.1 Parameter Estimation of Network Dependencies 

Performing the optimization utilizing the gradient-based and Interior Point optimizer results in 

generation of two respective datasets containing the optimized values for the 𝛼 and 𝛽 parameters. In the 

following section, results are presented and performance of both optimizers is analyzed by 

benchmarking certain criteria and comparing them.  

 

3.1.1 Results of 𝜶 Parameter Estimation 

 

Figure 9: Heatmap depicting estimated values of 𝛼𝑗
𝑖  calculated by gradient-based optimization (Flux). Rows 

represent phosphorylation sites and columns represent their associated upstream kinases. Color scale indicates 

magnitude of estimated 𝛼𝑗
𝑖 values and therefore the effect of a kinase on phosphorylation of a protein. 
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Figure 10: Heatmap depicting estimated values of 𝛼𝑗
𝑖  calculated by Interior Point optimization (JuMP). Rows 

represent phosphorylation sites and columns represent their associated upstream kinases. Color scale indicates 

magnitude of estimated 𝛼𝑗
𝑖 values and therefore the effect of a kinase on phosphorylation of a protein. 

 

The overall sparsity of the 𝛼𝑗
𝑖 heatmaps is largely imposed by the predefined kinase and phosphorylation 

site relations integrated in the input dataset of the optimizers and is therefore no emergent property of 

the optimization itself. Instead, the informative aspect of the heatmaps is the relative distribution of 𝛼𝑗
𝑖 

values within the set of permitted kinase candidates for each phosphorylation site and their differing 

magnitude depicted by the color scale in figures 9 and 10. Within both approaches, it is evident that the 

patterns of the heatmaps are very similar and show large consistency with only minor differences, 

indicating that regulatory assignments are robust throughout the optimization processes. The observed 
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differences in relative distribution of values mainly concern more dominant phosphorylation effects on 

very specific kinase to protein site relations within the gradient-based optimization of the Flux script. 

Figure 9 depicts results with certain 𝛼𝑗
𝑖 parameters inheriting values close to the relative maximum of 

+1, while the heatmap pattern of the Interior Point optimizer (Fig. 10) suggests a more balanced profile 

with broader distributions of weights. These differences are likely related to the distinct handling of 

boundaries and secondary conditions within the two optimizing approaches.  

 

 

Figure 11: Comparison of results for estimation of 𝛼𝑖
0 parameter values between gradient-based optimization of 

Flux script (blue) and Interior Point optimization of JuMP script (red). Phosphorylation sites of protein network 

are plotted over numeric value of 𝛼𝑖
0 parameters representing the impact of unknown kinases on protein 

phosphorylation. 

 

The values of the estimated 𝛼𝑖
0 parameters represent the effects of kinases currently not characterized in 

the network dependencies on the phosphorylation of respective protein sites. Estimation results of 𝛼𝑖
0 

values are depicted in figure 11. It is evident that phosphorylation of protein sites is strongly influenced 

by unknown kinases rather than by kinases covered in the network due to higher average values of 𝛼𝑖
0 

in comparison to 𝛼𝑗
𝑖 values of respective phosphorylation sites. For instance, the results indicate an  
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𝛼𝑖
0 value of 1,0 for the phosphorylation sites 𝑆_901 of EPHA2 and 𝑇_1166 of ERBB2, both of which 

are exclusively phosphorylated by GRK2. This suggests that GRK2 exerts no primary influence on the 

phosphorylation of these specific sites, which is a finding that contradicts the scoring results provided 

by the KinomeXplorer platform. Despite this discrepancy, the results derived solely from the 

mathematical estimation of 𝛼 values remain biologically plausible. This is because kinases covered in 

the current network state represent only portions of the entire pathway, which cannot be mapped 

completely yet due to limited data availability. Accordingly, the assumption that other, as yet unknown 

kinases are involved in the phosphorylation of the network proteins is justified.  

The comparison of 𝛼𝑖
0 values shows that both optimizers estimate similar baseline contributions for 

many phosphorylation sites, while clear differences are observed for selected sites. It is evident that the 

gradient-based optimization produces results in which the differences between 𝛼𝑖
0 values of respective 

phosphorylation sites exhibit larger amplitudes, whereas the Interior Point optimizer estimates a more 

balanced parameter set for unknown kinase effects. This is consistent with the results of the estimation 

of 𝛼𝑗
𝑖 values (Fig. 9 and 10), as the Interior Point optimizer finds parameter sets that inherit more 

balanced profiles regarding the effects of known and unknown kinases in the network, while the 

gradient-based optimizer estimates results that inherit lower 𝛼𝑗
𝑖 values on average but with specific 

kinases peaking at higher 𝛼𝑗
𝑖 values than the Interior Point optimizer. Since optimizing results cannot be 

verified at this time, it is not yet possible to determine which optimizing approach produces results that 

reflect the actual biological conditions more closely. 
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3.1.2 Results of 𝜷 Parameter Estimation 

 

Figure 12: Heatmaps depicting estimated values of 𝛽𝑗
𝑘  calculated by gradient-based optimization (Flux, top) and 

Interior Point optimization (JuMP, bottom). Rows represent kinases and columns represent their associated 

upstream phosphorylation sites. Color scale indicates magnitude of estimated 𝛽𝑗
𝑘  values and therefore the effect of 

a phosphorylation site on the activity of a kinase. 

 

The 𝛽𝑗
𝑘  parameters represent the effect of known phosphorylation sites on the activity of kinases 

integrated in the network. Since phosphorylation of these sites can have catalytic as well as inhibitory 

effects on the activity of the respective kinase, boundaries of 𝛽𝑗
𝑘  values were chosen from −5 to +5. 

This enables the optimizer to simulate both effects in the parameter estimation process.  

Figure 12 depicts results of both optimizers estimation values for the 𝛽𝑗
𝑘  parameters. Similar to the 

𝛼𝑗
𝑖 heatmaps, the apparent sparsity of the 𝛽𝑗

𝑘  heatmaps is largely imposed by the given network structure, 

since every kinase is only associated with known phosphorylation sites composed in the dataset. The 

patterns of the heatmaps from the two optimizing approaches are highly similar, indicating that both 
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optimizers almost calculate the exact same set of parameter values. Only a subset of phosphorylation 

sites highly contributes to the corresponding kinase term by inheriting 𝛽𝑗
𝑘  values that have potentially 

strong catalytic effects on the kinase activity. However, majority of sites show weaker contributions with 

𝛽𝑗
𝑘  values located in the approximate range of 0 to +1. It is also evident that specific phosphorylation 

sites inherit strong inhibitory effects on kinase activity, as depicted by the darker squares in the heatmaps 

of figure 12.  

The close agreement between both heatmaps indicates that the estimation of 𝛽𝑗
𝑘  values is highly robust 

across optimization approaches. This suggests that the internal composition of the kinase-specific terms 

is more strongly constrained by the data and model structure than the distribution of 𝛼 parameters 

(Section 3.1.1), which showed greater sensitivity to the choice of optimizer.  

 

 

Figure 13: Comparison of results for estimation of 𝛽𝑗
0 parameter values between gradient-based optimization of 

Flux script (blue) and Interior Point optimization of JuMP script (red). Numeric value of 𝛽𝑗
0 parameters 

representing the effect of unknown phosphorylation sites on the activity of respective kinases is plotted over 

kinases integrated in the network. 

 

The estimated 𝛽𝑗
0 parameter values represent the impact of phosphorylation sites currently not covered 

in the network dataset on the activity of respective kinases. Results of the estimation of 𝛽𝑗
0 parameter 

values are depicted in figure 13. It is evident that estimated values of 𝛽𝑗
0 are very similar between the 

two optimizing approaches, continuing the behavioral patterns of the heatmaps representing the 

estimation of 𝛽𝑗
𝑘  parameters. Baseline contributions depicted in figure 13 are similarly assigned with 

matching sign and comparable magnitude for both optimizers. This is a strong indication that the 



Results & Discussion  43 

 

estimation of the kinase-specific contributions is also robust with respect to the chosen optimization 

method. 

A substantial proportion of estimated 𝛽𝑗
0 parameters frequently attain both strongly positive and strongly 

negative values, indicating that the kinase-specific inner terms are not determined solely by the weighted 

phosphorylation site-dependent contributions, but also by a substantial constant baseline component. 

This corresponds to results of the 𝛽𝑗
𝑘  parameter estimation, in which many site-specific values remain 

comparatively moderate.  

Since only a limited subset of kinase phosphorylation sites is represented in the dataset, the measured 

𝛽𝑗
𝑘-associated sites cannot be interpreted as a complete description of kinase activity. The corresponding 

term for 𝛽𝑗
0 therefore captures additional regulatory influences that are not resolved by the available 

phosphorylation site measurements. On the biological level, this may reflect that the measured 

phosphorylation sites currently employed in the network do not fully capture the effective activity state 

of a kinase, which is why both optimizers compensate this behavior by shifts part of the kinase-specific 

contribution into 𝛽𝑗
0. Although this is biologically plausible, 𝛽𝑗

0 parameters inheriting greatly higher and 

lower numeric values cannot be verified as representative for the impact on the activity of respective 

kinases, since the number of relevant phosphorylation sites is much higher than the number of sites 

currently covered in the network. Therefore, additional measurements of phosphorylated kinase 

abundances are required to achieve a more balanced and biologically interpretable separation between 

𝛽𝑗
𝑘- and 𝛽𝑗

0-associated contributions during parameter estimation to gain plausible parameter results for 

the impact of every phosphorylation site.  

 

 

3.1.3 Performance Comparison between both Optimizers 

Completing the estimation of 𝛼 and 𝛽 parameters allows for comparison between the two optimizing 

approaches regarding their performance and accuracy. As described in the methodological comparison 

of the two optimizers in section 2.1.3, main differences between the parameter estimation procedures 

are only of mathematical origin especially regarding the handling of constraints, secondary conditions 

and training algorithms. The effects of these differences on the optimization process and the final model 

quality can now be examined. Since both optimizers utilize the same model structure and loss function, 

it can be hypothesized that their final predictions should, in principle, be similar. As both optimizers 

inherit different parameter estimation approaches, differences in results should be evident primarily in 

the nature and speed of the convergence of the optimization.  
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Figure 14: Comparison of iterative performance between the gradient-based optimizer (Flux, blue) and the Interior 

Point optimizer (JuMP, red). The numeric loss value is plotted over the number of iterations both optimizers need 

to reach similar losses of approximately 60.5 in the parameter estimation process. 

 

As described in the methodological comparison of the two optimizing approaches (Section 2.1.3), the 

gradient-based optimizer only utilizes first-order derivative methods to calculate the gradient while the 

Interior Point optimizer uses first- and second-order derivatives to calculate gradient and curvature, and 

employ Newton steps with adaptive iteration step size. The effects of the different optimizing approaches 

are visualized in figure 14, where the iterative convergence of the two optimizers is depicted by plotting 

the loss value of the number of iterations. It is evident that the JuMP optimizer reaches a stable and low 

loss rate, while the Flux optimizer also significantly reduces the loss, but requires many more iterations 

to adjust the parameters and reach the same loss value as the JuMP optimizer. While approximately 

10.000 iterations are needed in over 2 minutes for the Flux optimizer to reach a minimum loss value of 

60.49, the JuMP optimizer reaches a minimum loss value of 60.48 in 75 iterations and about 4 seconds. 

In terms of performance, the Interior Point optimizing approach consumes less time and computing 

power to calculate a loss result lower than the result of the gradient-based approach. This confirms the 

methodological hypothesis, that that the main difference between the two methods lies in the numerical 

optimization strategy. At the same time, it is demonstrated that the Interior Point approach is 

significantly more efficient in the iteration space for this problem.  

However, the currently employed network comprises 17 kinases and therefore only a part of the entire 

pathway. If the network is later extended across multiple pathways potentially containing hundreds of 

kinases, performance of the Interior Point optimizer might be less dominant over the performance of the 

gradient-based optimizer. The reason for this is the exponential rise of parameter number, as the amount 
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of 𝛼 and 𝛽 parameters as well as secondary condition variables increases, and with it the size of the 

KKT system matrix that needs to be solved. Therefore, every iteration will become more costly in terms 

of calculation time and computing power. In contrast, single iteration steps of the gradient-based 

optimizer are calculated more easily with fewer costs, as they do not depend on solving second-order 

derivative systems.  

 

Figure 15: Comparison of goodness of fit between the gradient-based optimizer (Flux, squares) and the Interior 

Point optimizer (JuMP, dots). The predicted protein fold change value from both optimizing approaches is plotted 

over the observed protein fold change value. 

 

When comparing both optimizing approaches in terms of goodness of fit, it is expected that their model 

predictions should inherit similarities, since they utilize the same model equations and MSE objective 

function. This hypothesis is confirmed by plotting the predicted fold change values of the model over 

the measured fold changes in the dataset (Fig. 15). The plot reveals that the predicted data points align 

closely around the linear graph representing the optimum fit, especially around lower fold change values. 

A few deviations can be observed at higher fold change values for the EGFR protein, which comprises 

the highest amount of measured phosphorylation sites currently employed in the network and therefore 

the most parameters required to be fitted. This leads to partially worse fit of specific predicted parameter 

values, as both optimizers make trade-offs since flawless modelling is more unattainable with higher 

amounts of parameters involved.  

The plot in figure 15 confirms that the differences between the two optimizing approaches described in 

the methodological comparison (Section 2.1.3) do not lead to fundamentally different modelling results, 

but to distinct numerical paths within the same model architecture. As visualized in the plot, the data 
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point fits of both optimizers are almost exactly congruent. This is supported by depiction of the error 

distribution between both optimizers in figure 16.  

 

 

Figure 16: Comparison of error distribution between the gradient-based optimizer (Flux, blue) and the Interior 

Point optimizer (JuMP, red). The numeric count of parameters is plotted over the difference between predicted and 

measured data values. 

 

Total counts of fold change data points are plotted over the absolute difference between the values 

predicted in the optimization process and the measured protein data. As visualized in figure 16, the 

overall parameter fit is close to the measured data for both optimizers, since almost all counts of 

parameters inherit only absolute differences mostly between values of −0.5 and +0.5. It is also evident 

that both optimizers share the almost exact same error distribution profile, confirming congruence of the 

data points fits depicted in figure 15.  

The plotting of error distribution and goodness of fit demonstrates that both optimizing approaches 

calculate closely aligned model profiles despite their different handling of parameter constraints and 

secondary conditions as well as distinct optimizing algorithms. However, this exposes an issue 

concerning the parameter set values estimated by the two optimizers. As covered in section 3.1.1 and 

3.1.2, the estimated parameters values between the optimizers show different profiles and baseline 

contributions, especially regarding the 𝛼𝑗
𝑖 and 𝛼𝑖

0 values. With both optimizers calculating an almost 

identical fit of fold change values despite utilizing different sets of parameters, it is assumed that 

different variants of parameter sets exist which would lead to a high goodness of fit. Therefore, finding 

the true biological parameters for the activities of kinases and effects of phosphorylation sites in the 



Results & Discussion  47 

 

network solely by utilizing mathematical optimization can be considered hardly possible. It is reasonable 

to gather more data about the network dependencies and introduce more secondary conditions into the 

optimization process, for example by prophylactically analyzing if phosphorylation of respective protein 

sites has catalytic or inhibitory effects on kinase activities. In general, integrating biologically verified 

data and information into the optimization process would support the parameter estimation to receive 

accurate values for the network dependencies.   

 

 

3.2 Results of Network Modeling Approach 

Following the estimation of the dependency parameters 𝛼 and 𝛽, it is evaluated whether the resulting 

network structure can accurately reproduce the temporal dynamics of the signaling system within the 

ODE framework. To this end, the kinetic parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆 and 𝑍 were optimized based on the 

experimental fold change data and subsequently integrated into the global simulation of the complete 

ODE network. The following section presents the results of the kinetic parameter estimation and 

examines the extent to which the resulting parameter set enables the model inheriting the coupled 

dependencies to replicate the observed dynamic fold change profiles at the system level. 

 

 

3.2.1 Results of Kinetic Parameter Estimation 

The estimation of the kinetic parameter values was conducted by performing the protein-wise 

optimization to independently fit the predicted fold change values of the model to the measured values 

of the dataset. Initially, a global estimation of all parameters was attempted using the Interior Point 

optimizer described in section 2.1.2. This approach was subsequently discontinued, as the optimizer was 

required to derive and estimate approximately 2,600 parameters simultaneously. Due to the underlying 

algorithm of the Interior Point method, which involves the construction of Hessian matrices, the 

computational overhead in terms of time and processing power became prohibitive, as the matrix sizes 

rise exponentially with the increasing number of parameters. Consequently, the strategy was shifted to 

the present protein-wise parameter estimation, utilizing the Adam optimizing algorithm presented in 

section 2.2.4 in combination with the ODE solver. The optimization procedure was executed for a total 

of 300,000 iterations, requiring approximately 224 hours of computation time. 
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Figure 17: Protein-wise simulated and experimentally observed fold change profiles of protein CDK1 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑇_14 and 𝑌_15. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 

 

The transition to a protein-wise optimization strategy proved to be effective, providing a robust 

framework for the independent estimation of parameters. The approach was successfully validated, as 

the majority of simulated fold change profiles exhibited a trajectory that aligned sufficiently with the 

values from the experimental dataset. This is exemplarily illustrated in figure 17 for the protein CDK1, 

where the simulated trajectories for both the unphosphorylated protein 𝑃0 and its phosphorylated state 

at sites 𝑇_14 and 𝑌_15 closely track the experimental data points. The results for the remaining proteins 

in the network can be found in the appendix (Fig. 27 – 41) along with the plots of the estimated values 

of the kinetic parameters (Fig. 42 – 58) and the values of combined rate terms (Fig. 59 – 75).  

An evaluation of all protein plots reveals that the simulated mRNA fold change values fluctuate 

significantly and frequently exceed a value of 1. This is because the current simulation is exclusively 

focused on fitting the phosphoprotein data, while mRNA values have not yet been incorporated into the 

objective function. Consequently, the mRNA fold change values are determined solely by the adjustment 

of the transcription rate 𝐴 and the mRNA degradation rate 𝐵. The elevated fold change values however 

remain biologically plausible, as sufficient amounts of mRNA are required to sustain the translation of 

proteins in both their unphosphorylated and phosphorylated states. 
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Figure 18: Protein-wise simulated and experimentally observed fold change profiles of protein ABL2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_620, 𝑆_936, and 𝑌_439. Solid lines represent model simulations, whereas 

dashed lines indicate the measured data. 

 

Further evaluations also reveal distinct discrepancies in the behavior of specific phosphoprotein plots 

which lead to inaccurate fits and offsets between the simulated fold change values and the experimental 

data. For example, the fold change plot of the phosphorylated state of the ABL2 protein at site 

𝑌_439 illustrates simulated values that fall significantly below the observed experimental data (Fig. 18).  
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Figure 19: Temporal dynamics of the protein-wise estimated kinetic parameters of protein ABL2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

In this context, the offset between the simulated and observed fold change values is most likely 

attributable to the translation parameter of the ABL2 protein reaching its upper constraint of 2 (Fig. 19). 

This limitation leads to insufficient supply of the protein, which results in partly decreased trajectories 

for the phosphorylated protein states. Adjusting the constraints to a higher value could mitigate this issue 

in future parameter estimation attempts, as it would provide the optimizer with a broader search space 

to refine the parameters for a more accurate fit. 

Further investigations of the optimized kinetic parameter dynamics in figure 19 and figures 42 – 58 

(Appendix) unveil, that the estimated parameters exhibit only minor oscillatory behavior. This 

successful suppression of numerical artifacts is attributable to the implementation of the Prior Loss term 

in the optimization process, which acts against strong fluctuations by driving the parameter values 

toward the predefined reference value of 1. Consequently, the introduction of Prior Loss can be 

considered successful, as it actively contributes to maintaining biologically plausible parameter values.  
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Figure 20: Protein-wise simulated and experimentally observed fold change profiles of protein EGFR over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_1166, 𝑆_991, 𝑇_693, 𝑌_1172, 𝑌_1197, and 𝑌_869. Solid lines represent 

model simulations, whereas dashed lines indicate the measured data. 

 

Furthermore, additional discrepancies between simulated and measured data can be observed. In these 

cases, the trajectories of the fold change profiles exhibit a similar dynamic shape, yet a significant offset 

remains between the absolute simulated values and the experimental data. An example is depicted in 

figure 20, which illustrates the fold change courses of the EGFR protein. The predicted profile for the 

phosphorylation state at the 𝑇_693 site exhibits significantly lower values than the experimental data. 

However, the underlying dynamics of both profiles follow a very similar trajectory. 
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Figure 21: Time-resolved kinetic rate profiles of protein-wise estimation for the EGFR protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states of EGFR at sites 𝑆_1166, 𝑆_991, 𝑇_693, 𝑌_1172, 𝑌_1197, and 𝑌_869. 

 

The reason both trajectories follow these specific paths is that the rate of the inflow variable, which 

represents the values of the activity term inheriting the dependency parameters, gains significantly 

decreasing values in the beginning of the simulation (Fig. 21, solid green trajectory of 𝑇_693 inflow). 

As described in section 2.2.3, this is caused by negatively estimated values of the 𝛽 parameter affecting 

the entire inflow term to also inherit negative values. The negative inflow causes a significant decrease 

of fold change values for the 𝑇_693 phosphoprotein, which cannot be counteracted by other upstream 

terms. However, the optimizer still manages to estimate kinetic parameter values which closely replicate 

the dynamics of the experimental data. By further adjusting constraints for the kinetic parameters and 

improving the estimation of dependency parameters, the issue concerning distinct offsets between 

predicted and observed fold change profiles can be countered.  

Upon analyzing the gradients of the inflow terms in figures 21 and figures 59 – 75 (Appendix), it is 

evident that the implementation of the gating function to prevent negative fold change value calculations 

which could potentially compromise the solving process of the ODE model proved effective. As 

depicted in figure 21, the decreasing inflow term of the phosphorylation state at the 𝑇_693 site below a 

value of 0 leads to the fold change value of the respective phosphoprotein to remain stable at a small 

positive value (Fig. 20). This proves the implementation of the gating function successful.  
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3.2.2 Results of ODE Network Simulation 

The estimated set of kinetic parameters is utilized in the final ODE simulation, in which the network 

phosphorylation dependencies are activated by establishing the 𝑃𝑗
𝑘(𝑡) variable as a representation of 

kinase abundances that are calculated in real-time within the simulation.  

 

Figure 22: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein CDK1 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑇_14 and 𝑌_15. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 

 

The results for the fold change trajectories of the dependent ODE network simulation demonstrate that 

the simulated profiles closely align with the experimental data, despite the implemented phosphorylation 

dependencies between the kinases. This is attributable to the successful optimization process of the 

kinetic parameter values. As depicted in figure 22 as well as figures 76 – 92 (Appendix), the profile 

dynamics are almost identical to the dynamics observed in the parameter optimization process (Fig. 17), 

despite a pronounced numeric impulse occurring in the initial phase of the simulation. This impulse can 

presumably be caused by different reasons, notably because of algebraic dependencies as the 𝛼 and 𝛽 

dependency parameters account for strong impacts on the phosphorylation processes, the absence of a 

steady-state which is answered by a strong reconciliation reaction at 𝑡 = 0, or an inherent stiffness of 

the ODEs as kinetic processes often operate across different time scales. However, it is also evident that 

the initial impulses may be caused because of great fluctuations in the mRNA fold change profiles. As 

described in section 3.2.1, fitting the mRNA abundances to experimental data is not yet implemented in 

the network simulation process. Integrating this into the ODE optimization of kinetic parameters once 

sufficient data is provided may improve the stabilization of initial profile trajectories. Given the overall 

satisfactory fits of the fold change profiles across the entire network, both the optimization of the kinetic 

parameters and their integration into the dependent ODE simulation can be considered successful. 
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3.2.3 Metabolic Control Analysis 

In the process of the ODE network simulation, a local elasticity analysis is performed to further 

investigate the roles of the kinases within the EGFR/MAPK network. The foundation of the coefficient 

calculations are the simulated dependent trajectories of the kinases. The impact of the respective source 

site 𝑃𝑗
𝑘(𝑡) on the regulatory inflow and the resulting phosphorylation flux is analyzed by calculating 

local elasticities for every combination of source and target phosphorylation site. The inflow elasticities 

are determined from the linear coupling of 𝛼 and 𝛽 parameters and represent the sensitivity of target 

activity term values to changes at the source phosphorylation site. Using symmetric difference quotients, 

the local derivative of the flux is subsequently estimated at the source site and normalized to a 

dimensionless phosphorylation elasticity.  

 

Figure 23: Ranking of total impact of upstream source genes on target phosphorylation sites. The influence of 

source genes is calculated by summing up the absolute values of time-dependent elasticities. 

 

The plot depicted in figure 23 illustrates the aggregated ranking of the upstream source genes from the 

metabolic control analysis, showing which gene in the model inherits the strongest controlling impact 

on the fluxes and enzyme activities of all respective phosphorylation sites. As evident from the plot, 

MAPK1 and MAPK3 exhibit the greatest cumulative influence on downstream target sites, followed by 

CDK2 and CDK1. The ranking states that the ODE model establishes a hierarchic impact structure, in 

which a few kinases dominate the global signaling flux while others only contribute moderately to it.  

                                

 

   

 

   

 

   

 

   

 

   

 

   

 

   

 

   

 
 
  
  
  

 
 
 
 



Results & Discussion  55 

 

 

Figure 24: Heatmap of phosphorylation dependency influences. Rows represent source kinases while columns 

represent targets that are phosphorylated with respective effects. 

 

The dominant role of MAPK1 and MAPK3 is attributable to them phosphorylating the highest number 

of target sites within the network, as illustrated in the heatmap in figure 24. Moreover, it is evident that 

their absolute impact on respective targets is higher than for the majority of other kinases in the network. 

Although their governing influence on the signaling flux is biologically plausible, the ranking does not 

reveal whether they exhibit catalytic or inhibitory effects on the signaling network, as it is based solely 

on the sum of absolute elasticity values. 
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Figure 25: Ranking of mean signed elasticity of upstream phosphorylation sites of source genes on target 

phosphorylation sites. The elasticities are calculated by summing up the numeric values of time-dependent 

elasticities and calculating the mean signed value. 

 

For this reason, the mean signed elasticity is plotted (Fig. 25) which illustrates the positive or negative 

impact of a source phosphorylation site of a kinase on a respective target site. Positive values increase 

the phosphorylation flux or the local activation of the target site in the model, while negative values 

have a damping effect on the target site. In contrast to the general ranking depicted in figure 23, the 

concrete relations between source sites and target sites are investigated.  

Central observations include the dominating catalytic effect of the 𝑌_187 source site of MAPK1 on the 

𝑇_693 target site of EGFR, and the strong inhibitory effect of the 𝑇_14 source site of CDK1 on the same 

target site. Moreover, it is evident that the MAPK kinases as well as the EGFR receptor occupy 

especially sensitive positions within the dynamic signaling structure, as their activity exhibits the highest 

impact on the phosphorylation fluxes of the network. As described in section 1.4, this is biologically 

plausible as these kinases play a crucial role in the signaling cascade of their pathway, especially in 

cancer cells. The signed elasticity analysis in figure 25 however reveals that the implementation of 

secondary conditions for the optimizing process of dependency parameters described in section 1.6 

supports relativity for the estimated parameters but also causes the issue that the dependency effects 

must inevitably balance out. This leads not only to particularly dominant catalytic effects on the 

phosphorylation flux but also strong inhibitory artifacts which cannot be justified on a biological level.  
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3.2.4 Results of Knockdown Procedures 

In order to simulate signaling perturbations in the network, a protein knockdown function was 

implemented into the ODE model. The function allows for the selection of specific kinases to undergo 

a targeted knockdown, with the degree of inhibition being manually adjustable. More precisely, the 

upstream terms controlling the transcription and translation processes as well as the activity state can be 

modulated to various extents, ranging from partial reduction to a complete protein knockout.   

 

Figure 26: Comparison of fold change profiles of the CDK2 protein under appliance of MAPK3 knockout. The 

plot shows the ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0, and the 

phosphorylated protein at site 𝑇_160. Solid lines represent knockout simulations, whereas dashed lines indicate 

the measured data. 

 

The knockdown function was utilized to perform full knockout procedures with an inhibition magnitude 

of 100 % applied for each kinase employed in the current state of the ODE network. As an illustrative 

example, figure 26 displays the fold change profiles of CDK2 following a knockout of the MAPK3 

kinase. The successful implementation of the knockdown function is evident, as fold change profiles of 

CDK2 in phosphorylated state are significantly reduced while corresponding profiles of the protein in 

unphosphorylated state rise.   

The outcomes of the full knockout procedures are summarized in the knockout matrix presented in 

figures 93 – 95 (Appendix). While the technical implementation of the knockdown function was 

successful, the resulting profiles for specific key nodes do not align with the strictly linear interpretation 

of the signaling pathway. For example, a knockout of EGFR is expected to cause a complete cessation 

of the downstream MAPK signaling. However, the knockout matrix (Appendix, Fig. 93 – 95) shows 

that the MAPK phosphorylation remains intact. Rather than interpreting these results as a model failure, 

the observation is consistent with the principle of functional redundancy and cellular context within 
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signaling networks as described in section 1.1. In complex signaling networks, kinases are embedded in 

dynamic structures that allow downstream signals to be maintained through alternative receptors or 

crosstalk mechanisms [8]. This suggests that the network inherits a strong robustness, where the loss of 

a single node like EGFR is effectively buffered by the interconnected nature of the kinase network. 
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4. Conclusion & Outlook 

 

Overall, the estimation of dependency parameters by developing two different optimizing approaches 

as well as establishing the dynamic ODE model for simulating the signaling network can be considered 

successful. Thereby, the research objective of the present study was achieved.   

With regard to the dependency parameter optimization, the methodology of both developed optimizing 

approaches could be validated, as their estimated results show great similarities. The Interior Point 

optimizer demonstrated superior performances during the parameter estimation process for the currently 

employed network state comprising a total of 17 kinases. However, this performance comparison should 

be revisited in future expansions of the signaling network, as gradient-based optimizers often achieve a 

more favorable trade-off between optimization accuracy and computational cost as the number of 

parameters increases. 

Based on the estimation of the 𝛼 and 𝛽 parameters, it can be concluded that a purely mathematical 

optimization approach, lacking the integration of additional biophysical constraints, is insufficient for 

deriving plausible dependencies between kinases and phosphorylation sites. This limitation arises, in 

part, from the distinct ways in which the two optimization algorithms handle input data and weighting, 

leading to a landscape where different parameter sets yield nearly identical loss values. Such ambiguous 

solutions are biologically implausible, as the dependencies should in theory remain consistent. 

Furthermore, the current implementation of constraints and secondary conditions results in unrealistic 

catalytic or inhibitory kinase properties, which is attributable to the forced balancing of 𝛼 and 𝛽 values. 

Consequently, integrating further biophysical conditions, such as estimating enzymatic potency through 

the inclusion of referential counts, is essential in the future to accurately replicate the interactions 

between kinases and phosphorylation sites of real cancer cells within the simulated network. 

The construction of the ODE-based signaling network was successfully realized through the integration 

of dependency parameters, thereby effectively capturing the interactions between kinases and their 

respective phosphorylation sites. The protein-wise optimization strategy yielded stable parameter sets 

that accurately reproduce the experimental fold change dynamics within the coupled system. Observed 

numerical phenomena, such as the initial spikes in the dependent model, have been identified as artifacts 

arising from system initialization or algebraic coupling. To counteract these effects, the integration of 

genomic expression levels is proposed by integrating the measured mRNA fold change data parallel to 

the phosphoprotein data into the optimization process of the kinetic parameters.   

As described in section 3.2.4, the network model demonstrated high sensitivity to in silico perturbations. 

However, the resulting knockdown and knockout profiles require future experimental validation by 

conducting targeted perturbation assays in live TNBC cells. 

Looking forward, the developed Julia code is designed to facilitate an expansion of the currently 

employed network, allowing for the integration of additional kinases and participating proteins of the 

EGFR/MAPK signaling network. To enhance the biological plausibility and predictive power of  

the model, further phosphoproteomic experiments could help refining the signaling dependencies and 

validating the results of the simulations. Additionally, provided that larger datasets become available, 

the implementation of Physics-Informed Neural Networks will be explored as an alternative to the 
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current machine-learning-based optimization. This approach offers the advantage of implementing 

biophysical constraints and conditions directly into the training process, potentially yielding more 

accurate kinetic parameters [48].  

Ultimately, upon successful validation, the simulated signaling fluxes will be coupled with phenotypic 

data from the performed scratch assays described in section 1.3. This integration aims to link 

intracellular signaling dynamics with observed cell migration rates, thereby establishing a robust 

predictive model for cell migration and metastasis in triple-negative breast cancer. 
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Appendix 

 

 

Figure 27: Protein-wise simulated and experimentally observed fold change profiles of protein CDK2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at site 𝑇_160. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data.  

 

Figure 28: Protein-wise simulated and experimentally observed fold change profiles of protein CLK3 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at site 𝑆_157. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data. 
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Figure 29: Protein-wise simulated and experimentally observed fold change profiles of protein EPHA2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_901, 𝑌_575 and 𝑌_588. Solid lines represent model simulations, whereas 

dashed lines indicate the measured data. 

 

Figure 30: Protein-wise simulated and experimentally observed fold change profiles of protein ERBB2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at site 𝑇_1166. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data. 
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Figure 31: Protein-wise simulated and experimentally observed fold change profiles of protein GRK2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at site 𝑆_670. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data. 

 

 

Figure 32: Protein-wise simulated and experimentally observed fold change profiles of protein GRK5 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at site 𝑆_484. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data. 
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Figure 33: Protein-wise simulated and experimentally observed fold change profiles of protein GSK3A over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_278 and 𝑌_279. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 

 

 

Figure 34: Protein-wise simulated and experimentally observed fold change profiles of protein LYN over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_11 and 𝑌_397. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 
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Figure 35: Protein-wise simulated and experimentally observed fold change profiles of protein MAP2K2 over 

time. The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 

𝑃0 , and the phosphorylated protein at sites 𝑆_23 and 𝑇_394. Solid lines represent model simulations, whereas 

dashed lines indicate the measured data. 

 

 

Figure 36: Protein-wise simulated and experimentally observed fold change profiles of protein MAPK1 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑇_185 and 𝑌_187. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 
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Figure 37: Protein-wise simulated and experimentally observed fold change profiles of protein MAPK3 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑇_202 and 𝑌_204. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 

 

 

Figure 38: Protein-wise simulated and experimentally observed fold change profiles of protein MET over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑇_995 and 𝑌_1252. Solid lines represent model simulations, whereas 

dashed lines indicate the measured data. 
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Figure 39: Protein-wise simulated and experimentally observed fold change profiles of protein PAK2 over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_141, 𝑆_197 and 𝑆_55. Solid lines represent model simulations, whereas 

dashed lines indicate the measured data.  

 

 

Figure 40: Protein-wise simulated and experimentally observed fold change profiles of protein PKMYT1 over 

time. The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 

𝑃0 , and the phosphorylated protein at site 𝑆_143. Solid lines represent model simulations, whereas dashed lines 

indicate the measured data. 
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Figure 41: Protein-wise simulated and experimentally observed fold change profiles of protein PRKCA over time. 

The plot shows the optimized ODE trajectories for the states of the mRNA 𝑅, the unphosphorylated protein 𝑃0 , 

and the phosphorylated protein at sites 𝑆_226 and 𝑆_319. Solid lines represent model simulations, whereas dashed 

lines indicate the measured data. 

 

 

Figure 42: Temporal dynamics of the protein-wise estimated kinetic parameters of protein CDK1. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 43: Temporal dynamics of the protein-wise estimated kinetic parameters of protein CDK2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period.  

 

 

Figure 44: Temporal dynamics of the protein-wise estimated kinetic parameters of protein CLK3. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 45: Temporal dynamics of the protein-wise estimated kinetic parameters of protein EGFR. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 46: Temporal dynamics of the protein-wise estimated kinetic parameters of protein EPHA2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 47: Temporal dynamics of the protein-wise estimated kinetic parameters of protein ERBB2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 48: Temporal dynamics of the protein-wise estimated kinetic parameters of protein GRK2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 49: Temporal dynamics of the protein-wise estimated kinetic parameters of protein GRK5. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 50: Temporal dynamics of the protein-wise estimated kinetic parameters of protein GSK3A. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 51: Temporal dynamics of the protein-wise estimated kinetic parameters of protein LYN. The plot illustrates 

the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 52: Temporal dynamics of the protein-wise estimated kinetic parameters of protein MAP2K2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 53: Temporal dynamics of the protein-wise estimated kinetic parameters of protein MAPK1. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 54: Temporal dynamics of the protein-wise estimated kinetic parameters of protein MAPK3. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 55: Temporal dynamics of the protein-wise estimated kinetic parameters of protein GSK3A. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 56: Temporal dynamics of the protein-wise estimated kinetic parameters of protein PAK2. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 57: Temporal dynamics of the protein-wise estimated kinetic parameters of protein PKMYT1. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 

 

 

Figure 58: Temporal dynamics of the protein-wise estimated kinetic parameters of protein PRKCA. The plot 

illustrates the trajectories of parameters 𝐴, 𝐵, 𝐶, 𝐷, 𝑆, and 𝑍 over a 960-minute period. 
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Figure 59: Time-resolved kinetic rate profiles of protein-wise estimation for the ABL2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_620, 𝑆_936 and 𝑌_439.  

 

 

Figure 60: Time-resolved kinetic rate profiles of protein-wise estimation for the CDK1 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑇_14, and 𝑌_15.  

 

   

 

   

 

   

 

                       

          

 
  
 
  
 
  
 
  

                    

            

          

            

             

            

          

            

             

            

          

            

             

   

 

   

 

   

                       

          

 
  
 
  
 
  
 
  

                    

           

         

           

            

           

         

           

            



Appendix  78 

 

 

Figure 61: Time-resolved kinetic rate profiles of protein-wise estimation for the CDK2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑇_180.  

 

 

Figure 62: Time-resolved kinetic rate profiles of protein-wise estimation for the CLK3 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑆_157.  

   

 

   

 

                       

          

 
  
 
  
 
  
 
  

                    

            

          

            

             

   

 

   

 

                       

          

 
  
 
  
 
  
 
  

                    

            

          

            

             



Appendix  79 

 

 

Figure 63: Time-resolved kinetic rate profiles of protein-wise estimation for the EPHA2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_901, 𝑌_575 and 𝑌_588.  

 

 

Figure 64: Time-resolved kinetic rate profiles of protein-wise estimation for the ERBB2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑇_1166.   

 

   

 

   

 

   

 

   

 

   

 

   

                       

          

 
  
 
  
 
  
 
  

                     

            

          

            

             

            

          

            

             

            

          

            

             

   

 

   

 

                       

          

 
  
 
  
 
  
 
  

                     

             

           

             

              



Appendix  80 

 

 

Figure 65: Time-resolved kinetic rate profiles of protein-wise estimation for the GRK2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑆_670.  

 

 

Figure 66: Time-resolved kinetic rate profiles of protein-wise estimation for the GRK5 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑆_484.  
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Figure 67: Time-resolved kinetic rate profiles of protein-wise estimation for the GSK3A protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_278, and 𝑌_279.  

 

 

Figure 68: Time-resolved kinetic rate profiles of protein-wise estimation for the LYN protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_11 and 𝑌_397.  
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Figure 69: Time-resolved kinetic rate profiles of protein-wise estimation for the MAP2K2 protein. The activity 

rate (inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_23 and 𝑇_394.  

 

 

Figure 70: Time-resolved kinetic rate profiles of protein-wise estimation for the MAPK1 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑇_185 and 𝑌_187.  
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Figure 71: Time-resolved kinetic rate profiles of protein-wise estimation for the MAPK3 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑇_202 and 𝑌_204.  

 

 

Figure 72: Time-resolved kinetic rate profiles of protein-wise estimation for the MET protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑇_995 and 𝑌_1252.  
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Figure 73: Time-resolved kinetic rate profiles of protein-wise estimation for the PAK2 protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_141, 𝑆_197 and 𝑆_55.  

 

 

Figure 74: Time-resolved kinetic rate profiles of protein-wise estimation for the PKMYT1 protein. The activity 

rate (inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at site 𝑆_143.  
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Figure 75: Time-resolved kinetic rate profiles of protein-wise estimation for the PRKCA protein. The activity rate 

(inflow), phosphorylation rate (phos), dephosphorylation rate (dephos), and degradation rate (degrade) are 

illustrated for the phosphorylated states at sites 𝑆_226 and 𝑆_319.  

 

 

Figure 76: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein ABL2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_620, 𝑆_936 and 𝑌_439. Solid lines 

represent ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 77: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein CDK2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at site 𝑇_160. Solid lines represent ODE model 

simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 78: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein CLK3 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at site 𝑆_157. Solid lines represent ODE model 

simulations, whereas dashed lines indicate the measured data. 
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Figure 79: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein EGFR over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_1166, 𝑆_991, 𝑇_693, 𝑌_1172,
𝑌_1197 and 𝑌_869. Solid lines represent ODE model simulations, whereas dashed lines indicate the measured 

data. 

 

 

Figure 80: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein EPHA2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_901,  𝑌_575 and 𝑌_588. Solid lines 

represent ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 81: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein ERBB2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at site 𝑇_1166. Solid lines represent ODE 

model simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 82: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein GRK2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at site 𝑆_670. Solid lines represent ODE model 

simulations, whereas dashed lines indicate the measured data. 
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Figure 83: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein GRK5 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at site 𝑆_484. Solid lines represent ODE model 

simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 84: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein GSK3A over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_278 and 𝑌_279. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 85: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein LYN over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_11 and 𝑌_397. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 86: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein MAP2K2 over time. The plot shows the ODE trajectories for the states of the 

mRNA 𝑅, the unphosphorylated protein 𝑃0 , and the phosphorylated protein at sites 𝑆_23 and 𝑇_394. Solid lines 

represent ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 87: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein MAPK1 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑇_185 and 𝑌_187. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 88: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein MAPK3 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑇_202 and 𝑌_204. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 89: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein MET over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑇_995 and 𝑌_1252. Solid lines 

represent ODE model simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 90: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein PAK2 over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_141, S_197 and 𝑆_55. Solid lines 

represent ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 91: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein PKMYT1 over time. The plot shows the ODE trajectories for the states of the 

mRNA 𝑅, the unphosphorylated protein 𝑃0 , and the phosphorylated protein at site 𝑆_143. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 

 

 

Figure 92: Comparison of experimentally observed fold change profiles and simulated profiles from the dependent 

ODE network model of protein PRKCA over time. The plot shows the ODE trajectories for the states of the mRNA 

𝑅, the unphosphorylated protein 𝑃0, and the phosphorylated protein at sites 𝑆_226 and 𝑆_319. Solid lines represent 

ODE model simulations, whereas dashed lines indicate the measured data. 
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Figure 93: Matrix displaying knockout effects of kinase knockouts of ABL2, CDK1, CDK2, CLK3, EGFR, and 

EPHA2 on network fold change values. Columns represent the knocked-out kinases, while rows represent the fold 
change values of the potentially affected kinases in the network. Solid lines represent knockout model simulations, 

whereas dashed lines indicate the measured data. 
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Figure 94: Matrix displaying knockout effects of kinase knockouts of ERBB2, GRK2, GRK5, GSK3A, LYN, and 

MAP2K2 on network fold change values. Columns represent the knocked-out kinases, while rows represent the 

fold change values of the potentially affected kinases in the network. Solid lines represent knockout model 

simulations, whereas dashed lines indicate the measured data. 
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Figure 95: Matrix displaying knockout effects of kinase knockouts of MAPK1, MAPK3, MET, PAK2, PKMYT1, 

and PRKCA on network fold change values. Columns represent the knocked-out kinases, while rows represent the 

fold change values of the potentially affected kinases in the network. Solid lines represent knockout model 

simulations, whereas dashed lines indicate the measured data. 
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Technical Implementation 

 

The scripts for the dependency parameter optimizer and the ODE network simulation were written in 

the Julia programming language version 1.12.5 [31]. The code is available in the following GitHub 

repository: https://github.com/luisfirl/SignalingProject/. The packages utilized in the study are listed 

below.  

 

Package Name Version Reference 

CSV.jl 0.10.16 CSV.jl: Utility library for working with CSV and 

other delimited files in the Julia programming 

language [32] 

DataFrames.jl 1.8.1 DataFrames.jl: Flexible and Fast Tabular Data in 

Julia [33] 

Flux.jl 0.16.9 Fashionable Modelling with Flux [29] 

Ipopt.jl 1.14.1 On the implementation of an interior-point filter 

line-search algorithm for large-scale nonlinear 

programming [38] 

JuMP.jl 1.30.0 JuMP 1.0: recent improvements to a modeling 

language for mathematical optimization [37] 

MathOptInterface.jl 1.50.1 MathOptInterface: A Data Structure for 

Mathematical Optimization Problems [39] 

Measures.jl 0.3.3 Measures.jl: Unified measure and coordinates types 

[49] 

OrdinaryDiffEq.jl 6.105.0 DifferentialEquations.jl – A Performant and 

Feature-Rich Ecosystem for Solving Differential 

Equations in Julia [44] 

Plots.jl 1.41.6 Plots.jl – A User Extendable Plotting API for the 

Julia Programming Language [50] 

Zygote.jl 0.7.10 Don't Unroll Adjoint: Differentiating SSA-Form 

Programs [30] 

 

Utilized tools based on Artificial Intelligence: 

• ChatGPT version 5.3/5.4, OpenAI 

o Formatting thesis structure 

o Definition of terms 

o Literature research 

• Codex version 5.4, OpenAI 

o Generating and debugging Julia Code 

• DeepL Translate, DeepL SE 

o Synonym research 

https://github.com/luisfirl/SignalingProject/
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